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Linear Boltzmann Equation as the Long Time
Dynamics of an Electron Weakly Coupled
to a Phonon Field'
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We consider the long time evolution of a quantum particle weakly interacting
with a phonon field. We show that in the weak coupling limit the Wigner dis-
tribution of the electron density matrix converges to the solution of the linear
Boltzmann equation globally in time. The collision kernel is identified as the
sum of an emission and an absorption term that depend on the equilibrium
distribution of the free phonon modes.

KEY WORDS: Boltzmann equation; weak coupling limit; quantum kinetic
theory.

1. INTRODUCTION

Quantum evolution of a few particles can effectively be computed by using
the Schrodinger equation. Applying the same first principles to macro-
scopic systems with many degrees of freedom, however, is practically
impossible. Macroscopic theories have to be developed which retain the
relevant features of the original problems but are simple enough to be
computationally feasible.

Due to thermal energy, lattice vibrations in metals can result in
random deviations from the periodic background potential. This vibration
is usually modelled by many independent harmonic oscillators. These are
called phonons, and they can be considered bosonic particles.

The interaction between the phonons and the electron is a collision
process in which a phonon can be emitted or absorbed, subject to momentum
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and energy conservation. The number of phonons is not conserved, hence
they are described by second quantization.

Our goal is to show that the long time Schrodinger evolution of a
quantum particle (electron) in a phonon field can be described on large
scales by the Boltzmann equation in d > 3 dimensions. We use two sets of
variables; (x, t) stand for the microscopic space and time, and let

(X,T):=(ex,et)

be the macroscopic variables. Here ¢ is the scaling parameter separating
microscopic and macroscopic scales and we will consider the ¢ — 0 scaling
limit. The velocity is unscaled. The quantum dynamics is given in micro-
scopic variables. The resulting Boltzmann equation gives the evolution
of the time dependent phase space density, Fr(X,V’), in macroscopic
variables, hence it contains only the macroscopic features of the evolution.
We recall that the linear Boltzmann equation with dispersion relation e(k)
and collision kernel a(V, U) is

OrE (X, V)+Ve(V) - VyFp(X, V)
- j [6(V,U) Fr(X,U)—a(U,V) Ex(X, V)] dU (1.1)

- j oV, U) Fp(X,U) dU —a,(V) Ex(X, V) (1.2)

with the total cross section a,(V) := j o(U,V)dU.

1.1. Definitions

For convenience, we fix a convention to avoid carrying factors of 27
along the Fourier transforms. We define the measure dx on R? to be the
Lebesgue measure divided by (27)%2. With this convention the d-dimen-
sional Fourier transform (usually denoted by hat) is defined as

i =Ff(p):=| , f(x) e~ dx

and its inverse

S0 =7 f) = [ Fp)erdp
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In particular, de e’?* dx = 6(p), where d(p) is understood with respect to
the dp measure. This convention applies only to d-dimensional integrals,
in one dimension da still denotes the usual Lebesgue measure and
%, ™ da=276(¢). For functions y € C'(R?) we also define the measure
o(Y(p)) dp supported on the level set {}y =0} by

(p)

C(R?
o V() P FECRD

| Fpy oy dpi=|

where do is the (d — 1)-dimensional surface measure inherited from dp.

The configuration spaceisabigbox A = A, :=[—./2n L/2,./2rn L/2]*
cR? in d>3 dimensions with [,dx=L% Its dual is A*=A7:=

(\/2n L7'Z)? = R%. We use the shorter integral notation for the normalized
sum on the dual lattice

L* dk:=%1k2

e A*

With this notation [, e** dx = d(k) and { ™~ dk = 5(x) where the delta
functions are with respect to the measures dk and dx. In particular, d(k) is
the lattice delta function, i.e., 6(k) = LY if k = 0 and is zero otherwise.

Convention. Letters x, y, z will usually denote configuration variables
in AcR% k, p, q, r, u, v, stand for momentum variables in 4* = R% s, ¢,
o, B, & v,n, 7,0, ® are real scalars and i, j, k, ¢, m, n are integers. The same
convention applies to capital letters.

For simplicity, we will omit the domains of integration in the nota-
tions. In general, the notation | is used for d-dimensional integration with
respect to the modified Lebesgue measure on R? if the L — oo limit has
already been taken. Otherwise, the domain of integration is A or A%,
depending on the integration variable. For one dimensional integrations
the limits will always be indicated.

We will take the thermodynamic limit L — oo before any other limit
and our result will be uniform in L. The compact configuration space is
a mere convenience in order to define certain expressions rigorously; for
most purposes the reader can always think of R? instead of 4 and A*.

The electron is considered as a spinless nonrelativistic particle with
state space 1= Lf,e,(AL). We denote the electron dispersion relation by
e(k), k e RY, i.e., the electron Hamiltonian, H,, is multiplication by e(k) in
momentum space (k € A4*).
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The state space of m independent phonons is #7) := [ &Q7_, Lf,e,(AL)],
where & is the symmetrization operator. Their Hamiltonian, in momentum
representation, is a multiplication operator by

H’;h(kla k2a~-9 km) = Z Cl)(k]) s kj € A*
1

j=

where w(k) is the phonon dispersion law defined for k € RY.

The Fock space of the phonons is #,, := @,,_, #°,, and the phonon
Hamiltonian is H,, = @®,, H,. The total Hilbert space, including the elec-
tron, is #;, := #, ® #,,. The m-phonon sector consists of wavefunctions
V" =¥"(x; ki, ky,..., k,,) € H, ® H",, where x is the electron coordinate.
The elements of %, are denoted by ¥ = (¥™).7_,. The total noninteract-
ing Hamiltonian of the electron-phonon system is H, ® 1+1 ® H,,, which
we shall write as H, + H,, for brevity.

To define the interaction, we need to define the phonon creation and
annilihation operators c,t and ¢, as

()" (x; ky, Koy ) 1= /A 1™ s K, Ky, s Ky (1.3)
T m 1 < m—1 i
()" (% Ky Ky ) i=—— Y O x5 Ky K Ki) 5K, —K)

Vm = (1.4)

(hat denotes omission). These operators satisfy the standard commutation
relations, i.e.,

[cis cp1=0(k—K)

and any other commutator is zero. In terms of these operators H,, =

S w(k) N, dk, where N, := c,’;ck is the number operator.

The equilibrium state of the phonons is the Gibbs state

Von i=Z " exp < —BH,, +,quk dk>=Z1 exp <J [ — Baw(k)+u] N, dk>
(1.5)

with inverse temperature f > 0 and chemical potential u. Here Z =Z, is
the normalization, i.e.,

Z:=Tr,, exp <j [ — Bo(k)+ ] N, dk> (1.6)
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such that Tr,,, y,, = 1. We define

e ol +u

JV(k) = Tr%h(ythk) = m (17)

to be the expected number of phonons in the mode k.
The interaction Hamiltonian is given by

H,_,:=il j Q(k)[e~**c] —e™c,] dk (1.8)
A*

as a multiplication operator on #,, where Q(k) models the details of the
electron-phonon interaction and A is the coupling constant. We will choose
A=./¢ and this is the weakest coupling that yields a nontrivial (non-free)
macroscopic evolution on the time scale t =T /.

The full dynamics is given by the Schrodinger equation

i0,¥,=HY, (1.9
where
H=H,+H,+H,_,

is the full Hamiltonian. In particular, for Q(k) = |k| ! we obtain the well-
known Frohlich Hamiltonian describing the polaron.

The Schrodinger equation can be written as an evolution equation for
density matrices I, on J,:

i0,T, =[H,T,] (1.10)

For example, (1.10) and (1.9) are equivalent if I, is the projection operator
onto the state ¥,. The density matrix formalism is more general, and is
appropriate to describe thermal states.

We let y, =7y, 9, Try, =1, be the initial electron density matrix; if we
start from a pure electron state y,, then y, =y, , is the projection onto .
The total initial density matrix is

F0:=ye®yph (111)

The solution of (1.10) is I, = e *#Ie™ .

We are interested only in the evolution of the electron, i.e., we want to
compute Tr,(I,0), where O is an observable acting on J#,. We can first
take partial trace Tr,, =:Tr, to integrate out the phonon modes to
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obtain a density matrix on . The phase space properties of such density
matrix are described by the Wigner distribution.
The Wigner distribution W, of any density matrix y on # is defined as

W, (x, v):=L e "y <x+§,x—%> dy (1.12)

or in momentum space
iu-xz u u
I/I/J’(xa v):=JAe V<U+§al7—§>dy

where hat on density matrices denotes Fourier transform in both variables.
We use the convention that the hat on functions defined on the phase space
L*(A x A*) means Fourier transform in the first variable only. In particu-
lar, the Fourier transform of the Wigner distribution is

W,(¢, v):=j e W (x, v) dx=?<v+§,v—§> (1.13)

For pure states, y = [y>{y|, we have y(x, y) = ¥(x) ¥(») and W, is equal
to W, the Wigner transform of the wavefunction i/, in accordance with ref. 1.

We also define the rescaled Wigner distribution to describe large scale
(macroscopic) properties of the density matrix

X
WiX,V):=¢W, (;,V) (1.14)
1.2. Assumptions

We introduce the notation {x):=(x*+1)"2. We use indexed con-
stants C;, C,,... to quantify estimates in our assumptions.

For the electron and phonon dispersion relations, e(k), w(k) = 0, we
assume symmetry, e(k) = e(—k), w(k) = w(—k) and

IVee(k)| < C,(1+ k> £=0,1,...,2d (1.15)
IVio(k)| < Gy (14>  £=0,1,...,2d (1.16)

We also assume that the functions k — @, (p, k) := e(k+ p) + (k) satisfy

lim &,(p, k) = oo (1.17)
k—
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and
0<C; <Hess, &,(p, k) <C, (1.18)

(the upper bound follows from (1.15) and (1.16)). By degree theory, these
conditions imply that k — @, (p, k) has only one critical point.
Let

be a small neighborhood of the level set k+— @, (p, k) =0.
We remark that conditions (1.15)-(1.18) also imply the existence of
two constants g, C > 0 depending on C,,..., C, such that

sup |E.(p, 0, 6) N B(g, )| < Cog*~! (1.20)

p.q.0

whenever 0, 9 < 0. Here |-| denotes the Lebesgue measure of a set, and
B(q, 0) is the ball of radius ¢ about g € R%. We also need a certain trans-
versality condition on two such sets.

Transversality Condition. There exist positive constants g, Cs such
that for any é,, §,, 0 < g, any p;, p, e R?and any 0,, 0, e R

$0,0,0°77

C
Sup |Ei(p1’ 019 51) N Ei(pz’ 029 52) N B(q’ Q)l < p

(1.21)
q | 1 2|
In particular, elementary calculation shows that all these conditions
are satisfied in d >3 if e(k) =1 k> and ||V?w||,, is sufficiently small. This is
our primary example.
To ensure that the statistical operator is trace class, we always assume
that

inf w(k)—pup' = Cs>0 (1.22)
k

Note that the number density function 4" is symmetric and it belongs to
CZd(Rd).

We assume that Q(k) e C*(R?) is real (since H,_, is self-adjoint) and
symmetric, i.e.,

(k) = Q(—k) = Q(k) (1.23)
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and it has a fast decay up to 2d-derivatives

max [V.Q(k)| < C,<ky—~12 (1.24)
¢=0,.,2d

The initial electron density matrix y, = yZ will depend on ¢ so that it
has a macroscopic profile in the scaling limit. We assume that the limit

Fy(X, V) :=lim W (X, V) (1.25)
e—>0 ¢
exists weakly in #(R%). In addition, we assume that

lim sup [ (p>**7:(p. p) dp< Cy <0 (1.26)

For example, y¢ can be a pure state, y::=|[y*><{yY?, with a WKB wave-
function

IPE(X) — 8d/2A(8x) eis(ex)/e

where 4, S € Z(RY).

1.3. Main Theorem

Theorem 1.1. Let A=./¢ and let I'{ solve the Schrodinger equa-
tion (1.10) with initial condition I'§ = y; ® y,,, where the initial electron
density matrix satisfies (1.25) and (1.26). We let y; :=Tr,, I'; be the elec-
tron density matrix at time z.

We assume that the electron and phonon dispersion relations satisfy
(1.15)—(1.18), (1.21) and (1.22), while the interaction function Q(k) satisfies
(1.23) and (1.24). Then for any 7' > 0

lim lim Wi (X,V)=Fr(X,V)

e>0 Lo

weakly in #(R?xR?), and F, satisfies the Boltzmann equation (1.2) with
initial condition F; and collision kernel

o(V,U):=21 |QU-=V)|> {(N/(U—-V)+1) d(e(V)—e(U)+w(U—V))
LN U=V 8(e(V) —e(U)—ax(V —U))} (1.27)

These two terms correspond to phonon emission and absorption, respectively.
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Remark 1. The Boltzmann equation is irreversible, while the
Schrédinger dynamics is reversible. This is not controversal, since the time
evolved quantum state cannot be reconstructed from the solution of
the Boltzmann equation. The macroscopic equation gives only a robust
information on the evolution: it contains neither the phonons nor the
microscopic details of the electron state. The former was neglected when
taking partial trace, the latter is lost in the scaling (weak) limit.

Remark 2. Scaling limit of the dynamics of a quantum particle in a
weakly coupled random potential was obtained for short time in refs. 2 and
3 and for long time in ref. 1. A similar result was obtained in ref. 4 in a
different limiting regime, in the so-called low density limit. Despite these
similarities, the current proof differs substantially from ref. 1 (see also a
short announcement in ref. 5). We replace the idea of the partial time inte-
gration by a more effective classification of the indirect Feynman graphs.
This enables us to expand the Duhamel formula further than in ref. 1 and
still control the error terms (so-called indirect and recollision terms). In
particular, for any ¥ we will be able to gain an extra &* factor relative to the
size of the main term with the exception of C(x)” pairings in the nth order
terms of the Duhamel expansion (see Propositions 7.4 and A.6).

Remark 3. The evolution problem for the electron density matrix
7. = Tr,, I, is formally equivalent to the Schrédinger equation

iat% = [He +1Vw’ Vz]

with a time dependent Gaussian random potential V,(x, t) with covariance
(in Fourier space)

EV,(p, 1) V,(q, 5)
=3(p—q) QP> [(N(p)+1) 9P 4 A (p) e C=9=P]  (1.28)

This means that the formal perturbation expansions of these two problems
coincide term by term. However, this connection is only formal and in our
rigorous proof we cannot and do not make use of it.

Remark 4. Long time evolution of a microscopically localized elec-
tron weakly coupled to a phonon bath was studied in ref. 6 in the dipole
approximation (see also references therein). The limiting equation is diffu-
sive (Fokker—Planck) already on the first nontrivial time scale (in the
van Hove limit). In this case there is no Boltzmann equation before diffu-
sion emerges. The diffusion mechanism is quite different; it is a resonance
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effect between certain phonon modes and the eigenfrequencies of the
confinement.

Remark 5. In a more realistic transport model, electron—electron
interactions should be included. This is a genuine many-body problem and
is much more difficult. In classical dynamics an analogous result has been
proven by O. Lanford” in the low density limit. There is no rigorous result
in the quantum case.

Convention. Throughout the paper we use the letter C to denote
various constants that depend only on the dimension 4 and the constants
C,, C,,... quantifying the assumptions in Section 1.2. For brevity, we
usually neglect certain variables in the formulas if it does not cause confu-
sion. In particular, we will omit the superscript ¢ from "¢ and y;.

2. STRUCTURE OF THE PROOF

2.1. Duhamel Expansion

We use the Duhamel formula (2.1) for H = H, + H,_, with H, = H, + H,,
=e(—iV)+ H),. Recall that H, and H,, commute.

We are interested in the partial trace of I', = e "I, with respect to
the phonon variables. In principle, we could fully expand e~# by Duhamel
on both sides. But this expansion does not converge for large T = te,
e:= A% unless we give a fairly detailed classification of Feynman graphs.
For each graph of order n the best generally valid theoretical bound is
(CA*)"/n! (although we essentially prove only (C,A%)"/[n!]% 0<a<1, in
Lemma 5.1), but then n! is lost to combinatorics (number of graphs is
~ C™n!) and the series does not converge for t > C~'A72 ie., for T>C™\.
Even if we gain an extra ¢ from most pairings (due to reabsorption and
crossing), with some fixed x, it does not make the series converge.

So the idea is to stop the Duhamel expansion once the expanded part
is small enough. This means that either there are many absorptions-emis-
sions or at least one reabsorption. However, immediate reabsorptions do
contribute to the main term, and they have to be resummed (see later in
(10.14)). For simplicity, we use the word collision for absorption or emission.

The Duhamel formula for H = H, + H,_, states that for any N, > 1

No—1

. tx ) . .
e—th — Z (_i)NJ [dsj]{)\/ e—zsoHoHeipeftslHoHeip . H e*’SNHo
N=0 0

e—p

+ (—i)No J:* [dsj]év0 eiiSOHHefpeiiSIHoHefp o HefpeiiSNOHo (21)
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For brevity, we introduced the following notation
143 t t N N
ds, 10 :=| - ds; |o(t— ; 22
fo [ds;To fo -[0 <,1:[0 SJ) < j§0 s]) @2

where the star refers to the constraint z=3}_, s;. Notice that the upper
integration limits on the right hand side of (2.2) could be omitted because
the lower limits and the delta function together guarantee them.

For the threshold, we shall choose N, = N,(?) such that > << N,! << ¢*?
(see (3.34)).

Remark. This is not the choice in our earlier paper, " where Ny! < ¢,
and we used partial time integration. Here we rather expand further to
avoid partial time integration. This will require more effective control on
classically irrelevant interference terms.

Since we have to distinguish a few recollisions, the Duhamel formula
has to be written more carefully. Write H, , (1.8) as follows

H,_,=il f (k) [e **cl —e**c, ] dk = i j ok) e b, dk  (2.3)

with
bk Z=Cz—c,k, hCnCC b;: =Ck—CT_k = _bfk

and we used the symmetry of Q. Here star means the adjoint, and b,, b} do
not satify the canonical commutation relations, in fact

[6,6P]1=0  forany k m

We also introduce the notation

[14,:=4,4,---4, and  [] 4;:= A4, 4,_,--- 4,4, 2.4)

j=1 j=n

for the ordered product of noncommuting objects (operators) A4;.
With these notations we rewrite (2.1) in the Fourier space of 5 as

No—1 . N N
=% /let [dsf]évf<ﬂ dkj>eiS°H°<H O(k;) bkjeisfH°>
N=0 0 j=1 j=1

+ A% L [ds, ]2 f < ﬁl dk, ) eisoH < Ijl o(k,) bkjeiSfH‘)) 2.5)
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2.2. Stopping Rule for the Duhamel Expansion

The key observation is that the Duhamel formula (2.5) is too rigid.
There is no need to decide apriori how long we expand each term. Once a
new step of the expansion is made, and a factor H, , added, it contains an
integration over a new variable k; which is actually a big summation (2.3).
This means that each term ramifies into a sum of several new terms. We
can decide individually for each term whether we want to continue the
Duhamel expansion or stop. The stopping rule must depend only on the
already expanded terms. We can stop the expansion for those terms which
already had enough number of recollisions (it turns out that one is enough)
or which already had many collisions.

By recollision or reabsorption we mean k;+k, =0 for some j# £ in
(2.5). It contains both physically relevant (e.g., c};ck and c_,c',) and irrele-
vant (e.g., c};c’:k and c¢_,c;) interaction terms. The contribution of the
irrelevant terms will vanish in the L — oo limit. The recollision k; +k, = 0 is
called immediate if |j—£| = 1, otherwise it is called genuine. The reason for
this distinction is that immediate reabsorptions do occur without rendering
the corresponding term small as & — 0.

Hence we will stop the Duhamel expansion if we either see N, colli-
sions or if we see one genuine reabsorption. If we did not stop, it means
fully expanded terms, which then has no reabsorption.

We need several notations to define these terms rigorously. Let y(v),
v € A%, be the characteristic function at 0, i.e., y(v) =1if v=0 and y(v) =0
otherwise.

Definition 2.1. Let.#(n, N) be the set of (n+ 1)-tuple of nonnegative
integer numbers m := (m,, m,,..., m,) with the property that n+2 |m| =N,
|m| :=3>; m;. Such an (n+1)-tuple is equivalent to an increasing sub-
sequence z = (u(1), u(2),..., u(n)) of the numbers {1, 2,..., N} such that all
differences u(j+1)—u(j) are odd for all j=0, 1,..., N. For convenience
we set 4(0) :=0 and u(n+1) := N+ 1. The identification between m and u
is given by the relations u(j+1)—u(j)=2m;+1 for all j=0,1,...,n. We
will use both representations simultaneously. Let

j—1
I'=I(m):={u(j):j=12,..,n} ={j+2 Y omj=1, 2,...,n}

=0

Foreach j=0,1,...,nlet

L= T(m) o= () + L p()+ 3 p(G) +2my— 1), (with || =m))
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and

I§:=1I5(m) = {u(j), u(j)+2,..., u(j) +2m;}, (with |I§|=m;+1)

be its complement between two consecutive elements of the subsequence u.
Finally let

J:=J(r_n):=C}Ij, Jei=) IS

j=0 j=0

and clearly {0,1,..,N}=JuJ® with JnJ*=, |J|=|m| and |J|=
n+|m|+1.

The increasing subsequence u associated with me #(n, N) will
determine the indices of those phonon interactions which are not parts of
immediate reabsorptions, i.e., m encodes the immediate reabsorption
pattern. Here N refers to the total number of phonon interactions and n of
them are not part of immediate reabsorptions. In the sequel, these two
numbers always have the same parity without further remark. The number
m; denotes the number of immediate recollision pairs between u(j) and
u(j+1).

For any m € #(n, N) we define

Bk,m):= ] x(ky+ky1) (2.6)

beJ(m)

to be the restriction onto momenta that respect the immediate reabsorption
pattern given by m. Here k := (k,..., ky) stands for the collection of the
phonon variables. The phonon momenta indexed by the subsequence u are
called external, the rest are internal. The number of external momenta is n
ifme M(n, N).

We then define the measure

[ ako=[dkzeom T1 (-xk+k) @.7)

b#b e I(m)

where dk := H;‘;l dk; for simplicity. This measure excludes pairing among
external momenta, while the internal momenta are consecutively paired.
Notice that these restricted integrations make sense only for finite 4. We
also set

[ V= Y [k 2.8)

me M(n,N)
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i.e., in this measure we exclude all recollisions, which are not immediate. In
the sequel, genuine recollision will be simply called recollision.

Now we define the one recollision terms. These terms will always be
amputated, i.e., the last free propagator e o™ will not be present.

For any a € {2, 3,..., n}, we let .#,(n, N) = 4 (n, N) be the set of those
m’s such that m, =0, u(a) =3 and if a =2, we additionally require that
m; = 1. The momenta with index (1) =1 and u(a) will form the (genuine)
recollision. We also let I, =I,(m):=I(m)\{l, u(a)} be the set of the
indices of the remaining external momenta.

Forme ,(n, N) we let

[ i [ gtk o) S T] (—sllath)  @9)

b#bel,

be the measure where the immediate reabsorption pattern given by m and
a single genuine recollision between the first and the u(a)th phonon is
enforced. Let

[ Y gk (2.10)

J*(n,zv) k= %

a=2 meMy(n,N)

This measure expresses that there is no recollision of external momenta
apart from the designated one between 1 and u(a).
Now we define the (amputated) operator acting on 5%,

A(t,k, N) ;=" foﬂ [ds; 17 (U O(k;) bkie_ist°> (2.11)

We can integrate out this operator on different sets of k corresponding to
various reabsorption patterns (superscript denotes the number of reab-
sorptions):

By = """ k@ kN, D) :=§ 2,0 (212)

*(n, N
D@ =" kA kN, Dh@)=Y D@ @13)
n=2

These are amputated objects. Depending on whether a term is fully
expanded or not, we define non-amputated terms by letting e " or e ¥
act on it. Terms with a recollision are always amputated.
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We define
N
B, k,N): —/INJ [ds;]o e o <l_[ o(k;) bk]_e"sj”0>
j=1
— (=) j " ds, e o (1—s,, k, N) (2.14)
0
The fully expanded terms are
0 o (f —isyHy g0 #(n, N)
Enn():= (=) [ D) (1=s)dsy = [ dk Bk N)  (215)
and we let
N
Ex(t) = (D)
n=0

The non-fully expanded terms are

t i N
Hon(0)i=(=0) [ e 01D (t—s0)dso, AU i= Y AN (D)
0 n=0
t i N
Hon(D)i= (=) [ e 01D, (t—s0)dso, AN i= Y H) (D)
0 e
2 (2.16)
We will use the following Duhamel expansion:
Lemma 2.2. For any fixed N, > 1 we have
Ny—1
e =0 () + 2 H @)+ Y, X 2.17)
=3 N=0

Proof. When expanding the Duhamel formula, at each step we
generate a new fully expanded term and a term with one more interaction
H,_, and a full propagator. Since H, , contains a sum over all momenta
(2.3), we obtain |4* new terms. Hence the expansion can be represented by
a successively growing rooted tree-graph, where the vertices correspond to
interaction terms from the expanded H,_,’s. Each vertex ramifies into a
terminal branch (free propagator) plus |4¥ new branches whose endpoints
are labelled by the momenta of the newly expanded interaction term. In
this graph there is a unique path to the root from each vertex; the vertices
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on this path are called the predecessors of this vertex. In particular, every
vertex (apart from the root) has an immediate predecessor, called its father.

We say that a vertex forms a bond (immediate recollision) with its
father if they have the same momentum label and if the father does not
already form a bond with its own father. The notion of the bond is defined
successively as the tree grows along further expansion. Vertices that are not
part of a bond are called independent.

We stop the expansion at any vertex if

(i) it has N, —1 predecessor; or

(i) its momentum label coincides with the label of any of its inde-
pendent predecessor different from its father (genuine recollision).

These terms are included in #°y, and # , respectively, while the fully
expanded terms (corresponding to terminal branches) are contained in the
last term of (2.17). |

Therefore we can write for any K > 1 integer
o= Try, e Te™ =y (1) + 5 (2)

where

K—-1

RO =Y Tr, 650 LIEHD]* (2.18)

N,N=0

corresponds to the main term containing no reabsorption and less than K
collisions, and

No—1 Ny—1 No—1 K-1

vE =Y X Ty EYLIEF1+ Y Y Tr, &3 [65]
N=K

N=0 N=kKk N=0

No
+Try, AN LAY+ Y Tr, A L[ A 5]

N,N=3
N, % N,
Trph<c§’?vl})[3/f?\,o+; J/}v} +[J/?VO+Z %%}r@ﬁ]*)
N=3 N=3

(2.19)

No—1

2

=0

2.3. Observables and Wigner Transform

Eventually we want to compute Tr, y,0 with some electron observable
O acting on #,. For example, to determine the weak limit of W73 in
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F(RYxRY), we have to test the macroscopic Wigner distribution (1.14)
against a smooth function J(X, V) € #(RYx R?). Let J,(x, v) := £%J(xe, v),
hence J,(&, v) :=¢e 4 (&7, v), recalling that hat means Fourier transform
in the first variable.

A simple calculation shows that

T We D= j JX,VYW* (X, V) dX dV =Tr, 3,0,

where the observable 0, is given by the kernel

0,(u, v):=fe<u—v,u-2i_v> (2.20)

To control Tr, 3,0, we will need that 0,0F is a uniformly bounded
operator:

sup [|0,0%|| < o (2.21)
In our case it is enough if J, satisfies
1= sup [ sup J,(& v)| d < oo (222)

since 10,0%| < ||J]|* by an easy calculation. The estimate (2.22) is satisfied
for J, if

f sup |J(&, v)| d¢ < o0 (2.23)

in particular if J € #(RYx R?).
In Sections 3-9 we will show that for any 7 > 0

lim sup lim sup lim sup |Tr, 5 (2) 0,| =0 (2.24)

K-> o -0 L—> o

with #=T7/e. In Section 10 we will check that the weak limit of W jmin,
satisfies the Boltzmann equation as L — oo, then ¢ —» 0 and finally K — oo.
This will complete the proof of the theorem.
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3. ESTIMATING THE ERROR TERMS: STATEMENT OF THE
MAIN LEMMA

All error terms in Tr, y§ (¢) O have the structure
Tt 9(t) I[9(D]* O

with ¥ =& or = with appropriate indices (see (2.19)). We use that
I, > 0 and a simple Schwarz inequality of prototype

|Tr AT, B*0| < Tr AT,A*+Tr O*BI,B*0
=Tr AT A*+Tr I'}/*B*00*BI"}/
< Tr AT, A*+||00*| Tr I'Y? B*BI}/*
=Tr AT, A*+||00*| Tr BI,B*

Hence after eliminating the “cross-terms” in p**(¢) (see (2.19)) by
Schwarz inequalities, we have the estimate forany 0 <v<1, K< N,

K—-1

ITr, 75() 0,) < Cy Trwh{v (N E%(1) L[ E5(D)T*
N=0

-1

! Z (NY? E%(1) L[ 5]
VT N () T LA (D]

N, S A0 rowf}v(t)]*} 3.1)

3

with C, := C(1+sup, [|0,07]) < co.

The terms in the first two summations are fully expanded, their esti-
mates are easier. The third and fourth terms still contain the full propaga-
tor. We estimate them in terms of amputated fully expanded terms by using
unitarity and paying a price of an extra factor ¢. The prototype of such
term is

7(t) :=Tr,, jo ds, fo' A5, e A(t—s,) Ty B*(t—5,) ¢ 3.2)
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where A, B denote one of the amputated 93’ y for b=0 or b=1 and
n< N <N, (see (2.12)-(2.13)). By a simple Schwarz estimate inside the
time integrations in (3.2) we obtain

Tr, 5(r) <t-Tr, [JI dsy Tr,, A(t—s,) T, A*(t—s,)
0

+f0’ ds, Tr,, B(t—5,) FOB*(t—so)] (3.3)

Therefore we can continue (3.1) using the definition of &%, 2%' and a
Schwarz inequality:

K—1 N
ITr, () 0, < C Tre+,,h{v T NY'Y 80(0) TLE° y(1)]*
N=0 n=0

Ny—

1 N
+v7 Y AN Y SO T[E, v(D]*
n=0

N=K

Ny ¢
FVING Y [ ds 20, (5) L2, ()"
n=0

sy Y Y f;ds@:.,N(s)ro[@;,N(s)]*} (3.4)

N=3 n=2

The main lemma is the following:

Lemma 3.1. Let 0<a<1 and n< N with the same parity. For

simplicity, we let M :="%"_ For the fully expanded objects:
. (C A )N n!
lim sup Tr, (87, (1) L3L67,0(1]%) < i+ (CA0Y 15 log® 0)*

3.5
(this will be used for N < K);

(CA )"

|
[M']a +(c/12t)N’tl6'(log* t)n+10

(3.6)

lim sup Tt,, (& v(1) TH[ & v (D)]7) <
L—
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(this will be used for K < N < N,). For the amputated objects, N > 3,
lim sup Tre+ph(‘@2,N(t) Fo[gg,N(t)]*)
L—-

LAY ]
t [M]° ¢

lim sup Tr,, (2, v(1) T5[2,, v(D)]7)
L—->w

!
(CR)" T log" " (N =T (3T)

<

1 1 !
< (€ [? (log* t)6+’tl6 (log* £)"+1° y(N > 7)] (3.8)

We introduced the notation log* 7 :=max{1, log ¢} and y is the character-
istic function.

Remark 1. Each estimate has two parts. The first terms include the
contribution of the direct pairing term (“ladder” diagram) with possible
immediate recollisions (“one-loop renormalization). The second terms
contain the non-classical indirect terms (so-called ““crossing’ terms).

Remark 2. From the indirect terms in (3.5) we gain only ¢!/ instead

of ¢, but the power of log* ¢ is bounded. In (3.6) we gain full z-powers but
we lose in the power of log* z. With more careful estimates it is possible to
remove the logarithms and still gain full -powers but we do not need it.

Remark 3. The basic idea in these estimates is that we do not gain
factorials together with crossing or recollision gains. This is only a technical
convenience. In fact, instead of (3.8), it is possible to prove

1 DV nl
i sup Tr,e (@400 Tl 20001 <1 o s (39)
which would be equally sufficient to estimate the recollision terms. In this
estimate we would gain a factorial together with a recollision gain. We
follow the first path since it is somewhat shorter.

We use Lemma 3.1 to estimate the terms in (3.4). We choose
a<1and

L

1.01 <

__22logt
* " loglog t

(3.10)
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hence

' < Ny < 1?2, (log* t)M = ¢22, CM < ¢®

forany 6 >0, > 1.

1063

First we let ¢ > 0 then K — o0 and finally v —» 0 in (3.4). Recall that

A>=¢and t =T/e, i.e., A% =T. Easy calculation shows that

lim lim sup lim sup hm sup [Tr, y$(¢) O,| =0

v—>0 K-> >0

which proves (2.24).

4. FORMULAS

(3.11)

In this section is we derive expressions for the terms in Lemma 3.1.

4.1. Definition and Estimates of Basic Functions

We define the following functions for p, ke R, e {£},7#0, 0, seR

Mk, o) = |10(0)]? (m(k)+i1>
D,(p, k) :=elk+p)+ow(k)

O(s,p,2)i= Y [e O MM (k, o) dk

ge{t}
M(k, o) dk
Y, (o, p):= —_—
”( p) a;éjj‘a_4pa(p:k)+1”

We also define

M*(k):= max  max |V§;M(k, o)|

ge{t} j=0,1

and from (1.24) and the properties of /" from Section 1.2 we have

|M*(k)| < Cey~*=2

“4.1)

4.2)

4.3)

4.4

@.5)

(4.6)
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The following lemma estimates the functions @ and Y:

Lemma 4.1. Under the conditions in Section 1.2 and (4.6) we have

Sup (s, p, )| < Ok 4.7
C{p)*
sup |Y,(a, <C, sup |Y, (a, <—F—; 4.8)
sup [1, (& ) i 11,0 P < 7 s (
sup (IV,Y (o, p)|+10.Y,(x, p)|+10,Y (e, p))) < Cyp~/? 4.9)
b, N
For @ = (const.) we also have
C d
up [ViY,(x ISC.  sup VX, (kP S i, b
P v P (4.10)
Moreover, the limit
Y0+ (('X., p) ;= lim Y”(O(., p) (411)
n—>0+0

exists, and

o, p)=—n %, [1000F (A +737 ) o, (. )
oelt) 4.12)

Proof. Apart from the proof of (4.12), we fix ¢ and for simplicity we
omit it from the notation, i.e., we assume that @ and Y are defined without
the summation over ¢. The inequality (4.7) for |s| <1 is trivial. For large |s|
it follows from the stationary phase formula

. C
[[ e pcr) dk‘ < (K Ml +IKV M) @13)

The prototypes of (4.13) are the linear and quadratic cases; @(p, k) =u-k
or @(p, k) = k* The linear phase factor is trivial:

f e " M(k) dkl S 1KV M (4.14)

<slul
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For the quadratic case, by standard estimate on the Schrodinger evolution
kernel

2 c -
a0 ak| < G, @15

and | M|, <C |{V)? M||,>. Similar estimates are valid for other purely
quadratic phase factors.

The proof of (4.13) for a general phase function uses a partition of
unity separating the isolated critical point. In a small neighborhood of the
nondegerate critical point, a smooth change of variables transforms the
phase into a purely quadratic function and (4.15) applies. Away from the
critical point the gradient of @ is separated away from zero, i.e., (4.14)
applies with |¢| = C > 0. The size of the neighborhood and the Jacobians of
the change of variable transformations are controlled uniformly in p using
(1.18). The details of this standard technique are left to the reader (see also
Sec. VIIL.2 of ref. 8).

For the first estimate in (4.8) we use the formula

f _ Mbdk j“’ ds eis@+in j e~ P (k) dk (4.16)
a—D(p, k)+in 0

for any 7> 0. We estimate | e **»® M (k) dk from (4.7) and use that d >3
hence (s> %2 is integrable. This inequality is a extension of Lemma 3.10 of
ref. 1.

To obtain the factor decaying in {a—e( p)), we insert a smooth cutoff
function k> 6,(k) supported on the set {k:|a—®(p, k)| <2}, so that
1—6, is supported on {k: |x—P(p, k)| > 1}. Using (1.15) and (1.16), we see
that [V0,(k)| < C,({p)*+<k)"’) for any £. On the support of 6, we repeat
the argument above and use (4.13) with [[<V)“(M8,)|2 < C{p)*. On the
support of 1 —6, the denominator can be estimated as

L c _ CREP+ <)
a=@(p, ) +in] ~ Ca—e(prR)Tw(®) ~ (a—e(p))

again by (1.15), and then the & integration is finite.
We will sketch the estimate of the first term in (4.9), the other two are
similar. We have from (4.16)

VX (Pl <[ se™

I e BRIV &(p, k)] M(k) dk|ds
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Using stationary phase (4.13), the smoothness and decay properties of @
and M, we estimate the term in absolute value by C{s)> %2, which gives
4.9) ford = 3.

If w = (const.), then after a change of variables

¢ _( V'M(k—p)dk
ViY (o, p)—f—a_e(k)iwﬂﬂ @.17)

Applying the same argument as in the proof of (4.8), using that V‘M is
d-times differentiable with decaying derivatives, we obtain (4.10).

Finally, the limit (4.11) exists by the estimate of the last term in (4.9).
The formula (4.12) is a straighforward calculation using the smoothness of

e(k), w(k), /' (k), Q(k). 1

4.2. Graphical Representation of Collision Histories

We will write &9,  (2.15) in momentum representation; p; stand for
electron momenta, and k; denote phonon momenta (see Section 4.4 later
for more details). The history of the electron-phonon collisions will be
represented by a graph, where the electron lines are solid and the phonon
lines are dashed. The bullets represent collisions. We fix an orientation of
the edges of the graph (Fig. 1). The momentum label on each edge expres-
ses the momentum flow in the direction of the oriented edge.

At each collision the adjacent three momenta are subject to momen-
tum conservation. Figure 1 represents a history with N collisions with
initial momentum p, and final momentum p,.

When we compute Tr,, &5 yIo[&5 y]1* or similar quadratic expres-
sions, we need another copy of the electron history and we will pair the 2N
phonon momenta lines using the analogue of the Wick theorem. This will
be represented by another copy of the graph on Fig. 1 but all the arrows
reversed. The corresponding momenta will be distinguished by tilde.
Pairing means joining the phonon lines and identifying the associated
phonon momenta. More precisely, pairing of k, and k, means identifica-
tion k, = —k, and similarly for two tilde variables. If k, and k, are paired,
then the identification is k, = k,. The graph consisting of two copies of

0 1 N-1 N
- e @ ri
Observable K K ., K Ir ék k Initial state
1 24 30 1™ N=-1 N

Fig. 1. Electron (p) and phonon (k) momenta.
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Fig. 2. A pairing graph and its skeleton (N = 14, n = 8).

Fig. 1 with a pairing of the phonon lines will be called the pairing graph.
The orientation is neglected on the figures.

Immediate reabsorption occurs when neighboring phonon momenta
are paired and these momenta will be integrated out separately. Therefore
we will mainly focus on the pairing structure of the n external phonon lines.

Definition 4.2. A pairing line in the graph is called an internal
(immediate recollision) line if it pairs (k,, k,,,) or (k,, k,,,) for some
a < N—1. Otherwise it is called an external (genuine pairing) line. The
skeleton of a graph is defined by removing all internal lines together with
their vertices (Fig. 2).

For most of our estimates only the skeleton will play a role and only
the identity of the external lines should be kept in the notation. Hence we
will relabel the indices of the phonon momenta (Fig. 3). Moreover, due to
momentum conservation, the electron momenta between successive imme-
diate recollisions are the same so they can also be relabelled.

The size of the contribution of a specific pairing to Tr,, &5 yIo[ &0 v ]1*
is determined by the skeleton of the pairing. There is no recollision line,
i.e., all external lines join an “‘upper” bullet with a “lower”” one. The main
(physical) contribution comes from the so-called direct pairing (or “ladder
graph’). A pairing and the corresponding graph is called indirect or cross-
ing if some (k,, k,) and (k,, k) are paired with a <b, a’ > b’. This notion
is independent of relabelling. Figure 4 shows a direct and an indirect graph.

pO pl pl pl p2 p2 n-1 pn pn
—Q‘—,—Q—,—.—.—Q—,—% """"" *‘_’_._,7
I I | I
\_ \_ P P

i I I

I I I I I

I I I I I
k! k! ks ket K

I I I I I

I I I I I

Fig. 3. Immediate recollisions with relabelled momenta.
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——0—0 0 0 0 — ——0—0 0 _0 0 —
] ] ] I I I N -
I I I I I I N
| | | | | | <
I I I I I I
| | | | | | AN

——0 00 0 0 — — 000 00—

Fig. 4. Skeleton of a direct pairing and part of an indirect pairing with a crossing.

A graph is said to contain a genuine reabsorption if some k, is paired
with k,, |a—b| > 2, or the same happens with some &, and k,. This concept
is defined according to the original labelling, but notice that it depends
only on one copy of the electron history. Figure 5 shows graphs with
genuine reabsorption. Such graphs represent the trace of recollision terms,
Tr 9} yL[2} 41" (213).

Notice that neighboring momenta may be paired in a skeleton if they
have corresponded to a genuine recollision in the original graph and all the
momenta in between formed immediate pairs (Fig. 2).

4.3. The Main Representation Formula

Let II, denote the set of permutations on {1, 2,..., n}.

Proposition 4.3. For any n < N, N —n even, we have

lim sup
L—>

Tre+ph(£)2,N(t)FO[("@S,N(Z)]*)_ Z Z Cm,r_’r‘z,n(t) =0
m,me Mn,N) nell, (418)

with

Cr_n,r_?z,n(t) :=/12N Z J‘dvﬂ(pna ﬁn: ]_C, E5 Q') Yr_n,r_?t,n(t; pn: ﬁns I_C, Es Q)
g.e{+}

L1, m 4.19)

J

where we define the measure

dvﬂ(pﬂ’ ﬁ"? k! E’ Q-)

= (]_[ M(k;, a;) 6(k; —ky ;) dk; dEj>dpn dp, 6(p,—P,) e(Pns Py)
=t (4.20)

Fig. 5. Pairings with genuine recollisions (only part of the pairing lines are shown).
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on A*X A*X (A*)"x (A*)"x {£} = R‘XR/x (RY)"x (R?)"x {£}", and we
let

mrztn(t pnapn’k k O')

= [ 1 [H 00 T 66,2, 2) |

belf bel,

XK* [dEg]f,y:O 1—[ l—[ e Fale(F)+2;] n @(51;’ ﬁj’ f)})] 4.21)

il |:~ Ze i
j=0 belj belj

=e2tﬂj‘Oo daefitoc l_[ R;nj+1[yﬂ(a_9j, pj)]mj

j=0

f dg e R’”“[Y(oc 3, 5)1" (4.22)

where I;, I: etc. depend on m, 7 (see Definition 2.1) and we define

; (o, pys 25, 1) a—e(p) =0, +i1

1
&—e(p;)—Q;—in

(4.23)

ﬁj = Ry(&, p, [~2j, n) =

]

In these formulas, p;’s are functions of p, and k = (k,,..., k,), and similarly
for the tilde variables:

pj:=pn+ z kZ’ ﬁj:=ﬁn+ Z EZ (424)

L=j+1 L=j+1

and

Q; =0k, 0):= Z a,0(k,), 55,' = Qj(E: gon )= Z Unfl(z)w(lze)
£=j+1 L=j+1 (4‘25)

with ¢ = (04,..., 6,,).

Remark. This proposition shows that only those pairings are rele-
vant that respect the no-recollision rule. In particular, every pairing can be
identified with a permutation on the (relabelled) indices of the external
lines. In the sequel we use this identification freely.

The following subsections contain the proof of Proposition 4.3.
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4.4. Duhamel Formula in Momentum Space

We express &, y (2.15) in momentum space. Given k := (ky, k,,..., ky)
and p,, we define variables p,, p;,..., py_; as follows (Fig. 1)

N
p=pvt Y kn  j=0,1.,N-1 (4.26)

=j+1

Sometimes these relations will be expressed as

J (11 4, ) 420

j=

with

40.0:= 11 6(p=m— T k) @27)

=j+1

but mostly we consider p,, p;,..., py_; as functions of k..., ky and py.
For expressions that are quadratic in &) y, e.g., (4.18), we need
another set of variables distinguished by tilde. Given k := (k,, k,,..., ky)

and py, we define, for j=0,1,2,...,. N—1,

N
ﬁj :=ﬁN + z k[ (428)

(=j+1

Note that the (ki, k,,..., k,), and (py, p1,--., p,) variables in Proposi-
tion 4.3 will be only a subset of (ky,..., ky) and (p,,..., py) after relabelling
them (see later).

Using this notation, we can rewrite the kernel %#(z, k, N; p,, py) of the
operator 4(t, k, N) (2.14) in the Fourier space of 7,

N-1 t*
AB(t, k, N; py, py) := }“NJ < H dpj>A(_p, k) fo [dsj]f)v e ~isole(py) + Hpil
j=1

N
X < [T o) bk.e‘”f[e(”f“”"h]) (4.29)
j=1 !

This is an operator acting on #,,. Notice that p, is not integrated out,
i.e., there is a delta function §(p, —py—3./_, k,) on the right hand side
showing that k, p,, py are not independent. Equivalently, we can write
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N
g<tal_€9N;pN+ Z kjypN>
j=1

* . N .
.y fo [ds, 1Y e~ oletr)+ ) <H o(k)) bkjewf[e@j)wpu) (4.30)
j=1

if we consider p; (for j=0,1,..., N—1) as functions of k..., ky and py
given by (4.26).
We collect the terms depending on the phonon operators. Recall that

e e, o™t = ois* B¢, | e e gt = =i
Define
b(s) 1= e b "M = g~soWl _ gl

then its adjoint is b} (s) = —b_,(s) and

[B(2), by (5)] = Ok +m)[ e =920 _ giti=0®] 4.31)
Let

G*(u, 7) 1= {e @A (u) + O () + 1)} (4.32)

then

Trph yphbu(r) bu(s) = Trph yphb:(r) b:(s) = _G#(u: T_S) 5(M+U)

(4.33)
Trph yphbu(r) b:(S) = Trph thb:(r) bv(s) = G#(us T_S) 5(1’{_0)
We define
Tj:=S0+sl+"'+Sj715 %j=§0+§1++5]*1 (434)

The terms involving phonon operators in (4.30) are:

[¢]

N

N
e —i50Hph <l—[ b, e/ >= <l—[ bk.(Tj)> e —itHph 4.35)
=1 =t
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recalling the convention (2.4). We define

T(k,_zz,z,a:mh[(n bkm) il i (ﬁ e )]

= Trph [Vphblé,v @) 122 (%) b/él @) bk, (1) bkz(fz) - 'ka(TN)]
(4.36)

Combining (2.15), (4.29), (4.35) and (4.36) we obtain an integral
formula for the fully expanded term with no reabsorptions:

Tre+ph(gg,N(t) Fo[éag,zv(t)]*)

—z”f#‘"’m dk dk [ [ds,1 [d51 Tk, £, 7.2)
= K dg i 1o ilo 1K, K, T, T
0

Xj dpy dPy O(py —Py) P.(Pn> Px)
[f <1\17_[1 dp] > A(p, k) e ~%0e(po) <l‘[ e e(p])Q(k )>]
|:f <1\17_[1 dp]>A(p k) e50e(By) <l_[ elsle(pJ)Q(k )>] (4.37)

Here we used that Q(k) is real and that 6( p, — p,) from Tr, is equivalent to
O(py —Pn)-

4.5. Computing the Phonon Trace and the Thermodynamic Limit

We use Wick’s theorem and the definition of G* (4.32) to compute the
phonon trace (4.36) appearing in (4.37). We have to consider all pairings
within the indices of the set {k, k} := {k,,..., ky, ki,..., ky }. We recall the
definition of [*™™ from (2.8), and similarly we have

J~#(n,N) dl_€~= Z () dl_;

e M(n, N)

We also recall that m e .#(n, N) is equivalent to a subsequence u, which
is viewed as a monotonic map u: {1,...,n} — {1,..., N}. The sets 1,1, J
depend on m and we use tilde for the sets I:=I(m), I~] :=I;() and
J = J(m).

Certain pairs are already prepared by imposing the immediate reab-
sorptions in the measures via m, . We say that a Wick-pairing of {k, E}
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respects a given pair m, i € M (n, N), if b is paired with b+1 for all be J
and similarly for 5 € J (see (2.6)).

If a Wick-pairing respects (m, /), then only the indices from I and T
will be paired freely. Moreover, since the momenta with indices from 7
cannot be paired (see (2.7)), and so are the momenta within 7, the pairing
occurs between the momenta k, (beI) and k; (b€ l). Hence any Wick-
pairing that respects (m, ) can be uniquely identified with a map
n* e P, := jill,u"" between the sets I and I. Here u, ji are the maps asso-
ciated with m, M, and 2, = Il u~"' is the set of maps of the form
jomou':I—Twithnell,

The following lemma states that only those Wick-pairings are relevant
that respect a given (m, /1), the rest are negligible in the thermodynamic
limit.

Lemma 4.4. Letm, e~,/%(n, N) and let 7, 7 be fixed times. For any
function F of the momenta &, k and times z, ¥ we have

[ k[ dk FGe k2 D T o2, 7)

= [dk[dkFk B2 Y [ 1 5(1«,,—12,,*(,,))G#(kb,%n*(b)—rb)]

a*e?, Lbel(m)

x Z(k, T, m) Z(k, 7, @)+0<”ﬂ||°°>

where

Xk, z,m):= [] 0(ky+kyi1) G*(ky, Tpir —75) (4.38)

beJ(m)

expresses the trace of the immediate reabsorptions. Notice that the delta
functions in & coincide with the characteristic functions of Z built into the
measure | (2.6). The error depends only on N and on the maximum of
the function 4.

Proof. Consider a factor y(k,+k,,;) in the definition of Z(k, m).
Suppose that the Wick pairing did not pair k, with k,,,. Then one can
integrate out all the other k, k variables in such order that eventually all
delta functions disappear and we are left with an integration

H
o | < 1AL

4.39
z " (4.39)

‘ [ dhey a1 2+ K1) H ey K,
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where H is the result of all the other integrations and clearly ||H|, <
CN) |IF |l -

Therefore only those Wick-pairings are relevant that respect the
prepared immediate reabsorptions built into the measures via m, 7 and
they are described by a map n* € 2,. For such pairing one can remove all
further restrictions from the measure (imposed by (m), (7#1) superscripts
in (2.7)) since E(k, m) is imposed by the delta functions in %, while the
complement of the condition, that k, # —k, for b#b' eI (see (2.7)), is
small by a volume factor using an estimate similar to (4.39). ||

Remark. Similar argument is valid for amputated and recollision
terms, 9, . Since we always take the thermodynamic limit L — o first, we
can always assume that the prepared immediate reabsorptions are respected
by the Wick pairings, modulo negligible errors.

Using this Lemma and the fact that the expression in the big curly
bracket in (4.37) has a volume independent bound, we obtain from (4.37)

Tro (@O LI D1 = Y % Cppa)+0(4]™)
m,fmeM(n,N) nell, (440)

where for any m, e .#(n, N) and for any mell, we define n*:=
flomopu " and

Cr_n,r_?t,n(t)
= 2N fdk dk [T 6k, — *(b))[n Sk, +kyi0) ] 5(k,,+k,,+1)]
bZ’}i{fﬂj be Pe’

dePN dpy 0(py —Dw) 7.(Py» ﬁN)( l_[ Mk, 0,) n M(Ega 0'13))

belulJ beJ

xfot* [dsj]f)v J‘Ot* [d@]g(n &) =) w(kb)>|: 1—[ e 1955500, l—[ eiagsgw(lég)]
bel

(i) (i)
(o) 5(71 )
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We used 7,,, —1, =5, and the definition of M (4.1) to combine the G*
terms with the Q(k) factors:

O(r)’G*r,0)= ) e“*OM(r, o) (4.42)

o=+1

4.6. Proof of the Representation Formula

Recall that {0, 1,..., N} is a disjoint union J U J°. Let b+ y, be the
characteristic function of J, ie., y,=1 if beJ and y, =0 otherwise.
Similarly, 7, is the characteristic function of J.

Using the definition of 7;, 7;, we can rewrite the phonon phase factors
in (4.41)

H e—inbrbm(kb) 1_[ e—iabsba)(kb) — H l_[ e—isb[ﬂj(k, a)+xbaba)(kb)]>

n
bel beJ j=0 <beljuljc-

and

n
1—[ PUAR PG 1—[ 2055 50(kg) — l—[ < l—[ eis,;[fzj(lz,ga(n*)1)+;?505w(12,;)]>
j=0 \be

bel beJ I~].u~;
with
Q=Qka:= Y ook
bel,b>u(j)
~ ~ ~ o1 - (4.43)
Q:=0ik,go(n")7):= Z 001 5O (kp)
bel, b> a(j)

(recall that u, i are associated with m, ). Here g:={o,:bel} and
usually we will omit the arguments.
Hence we have for m, it € 4 (n, N) that

Co. .2 (2)

=)y f ( I1 dkb>< I1 d/E,;)]‘[ S(ky — k)
o,e{t} _ belulJ Felulf bel
beluvuJuJ

Xj dpy dpy 0(py —Py) 7.(Py, ﬁN)( n M(k,, 0,) _l_[_ M(EE’ 65))

beluJ beJ

t n .
y J*O* [dSJ]ON |: 1—[ l—[ elsb[e(p.“(j)+kab)+gj+xbubw(kb)]]

Pl c
j=0 btequ

t n S -
XL* [ds, 1% [ I eifl;[e(ﬁﬁ(j)+25k5)+9j+1505(0(k5)]:| (4.44)

j = i 7 Fc
j=0 bel,uI;
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In this formula we considered p;, p; as functions of py = py and k’s or ks,
respectively (see (4.26)), and we used that
Dy = DPuij T Kb for bel,

and similarly for tildes. We also freely integrated out k,,;, ks, for beJ,
b € J since they do not appear any more in the formulas.

Let p] *=Pujy» pJ . pﬂ(])’ k*: kﬂ(})’ k* kﬂ(])’ *: IZ6)) for j=
l,....,n and py := py, Py := Po- These will be the relabelled momenta (see
Flgs. 1-3), temporarily distinguished by star. Then by (4.26) we have

Pn = DPw» Pn = Py and
pi=pi+ ) ki, Bi=p.+ Z k; (4.45)
l=j+1 £=j+1
for j=0, 1,..., n. Also notice that
Z G:a)(k’;)a §j= Z 0':—1([)60(];;)
£=j+1 £=j+1

Clearly Q,, S~2j depend only on the star variables, i.e., with a slight abuse of
notation we continue to denote them as

Q =Q;(k* g, Q=Qk"g*n") (4.46)

With these variables and after separating the terms with immediate
recollisions, we obtain from (4.44) that

Comn):=2 3 [ du(pl, B k" B € Y (5 3 B K B 07)
,”i{” (4.47)
with
Yy 515 P17y K K )

= Y f(]‘[ M(k,,,ab)dkb><]_[ M(kz, o5) dl%:)

”be{i} beJ Bei

beJulJ
123 n ) . ' .

Xf [dsy 150 1_[ l_[ e sl +2)] H e~ issle(P] +hy) +2; +a,0(ky)]
0 j=0 bEI]? bEI’.

t " o e, B L P ~ ~
XL* [dﬁg]év:() 1—[ |: l—[ eSile(Pp+2;] 1_[ ezsl;[e(Pj+kl;)+!2].+n5w(k5)]i| (448)

- -
belj beI].
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where k* stands for the sequence kl, ,k¥ and similarly for the other
variables. We recall that p¥, p%, Q;, Q; are functions of 7, ¢*, k*, k* and p}
(m, i are considered given).

There are two different expressions for Y, 5 , after integrating out the
internal momenta for all immediate recolhslons Recalling the definition

of @ (4.3), we have
m m, n(t p:: ﬁ:a k*’ I_CN*: Q*)

tx " . .
= [/ tas o 1 [H e iee12 [ 605 17,2 |

belf bel,

<[ s, n [ [T e5s+a1 ] &(s;. p;‘,fz,.)} (4.49)
belf beI

Notice that all non-star variables have disappeared.
The other expression for Y, 5 , relies on performing all time integrals
by using

N © . N
ol =Y s =j e = Xs-0%) do
—o0

b=0

and we can regularize the ds integrations by shifting e(p;) — e(p;) —in.
The result is

tx n ) . ' .
fo [dSb];:;O 1_[ |: n e ~isple(py)+;] l_[ e—tsb[e(p]-+kb)+!2j+abw(kb)]]

: ¢
j=0Lber; belj

m do et z 1 A
=t dne Q[(a—e(p;f)—:zjm)

1
X - 4.50
bl:[Ij O‘_e(Pj+kb)_9j_0'bw(kb)+”7] ( )

and we will always choose 7 :=¢~'. We can use a similar identity for the d3;
integrals.

Again, we can integrate out k,, b€ J, and similarly for the tilde
variables. Recalling the definition of ¥ (4.4) we obtain from (4.49)

© ) n 1 m]-+1
el o | (i) e
= J J
f d& ztzx < 1 >ﬁlj+1 [T (~ ﬁ ~*)]r7t
&—Q., pH1™
Q _ n J J
A—e(P)) =2 =in 4.51)

and again, all non-star variables have disappeared.
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Finally, Proposition 4.3 follows from (4.40), (4.47), (4.49) and (4.51) if
we remove the stars from each variable. ||

5. A PRIORI BOUND

We start with the following result that is weaker than (3.5) but we
need it to estimate certain pairings later.

Lemma 5.1. Forany O0<a<1,n<N,m,me#M(n N), nell, we
have

C, )N
|Co i (D) < % .1

(recall that M := (n+ N)/2), hence

L (CaD"

O (5.2)

lim sup Tr,. (6% (1) [1[85 4(0]") <

Remark. The estimate (5.2) is summable over #» and N only for short
macroscopic time T = A% < T,.

Proof. The second inequality (5.2) easily follows from (5.1) and
(4.18) since the number of pairs m, it € #(n, N) is bounded by

<N>2 <c¥ (5.3)
n

The bound (5.1) is trivial if N =0. Otherwise we split |Y]|=
|Y]%?|¥Y|'~? in (4.19) and we apply supremum bound in the first term.
Using (4.21) and (4.7), we see that

|Yi;n,r_71,n(t; pna ﬁna ]_€9 Ea g)l

<cV j [dsb]b 01_[ >d/2j [dsb]b 01_[ 3G, >d/2

beJ
An easy calculation shows that (d > 3)

tM

tx [7¢]—1
Jo 4930 TT oo >d/2\CN(|JtC| 0= (54)



Boltzmann Equation from Phonons 1079

(recall that M := (n+ N)/2 = n+|m|), hence

~ tM \a
Y, 5,2 (85 Dus B> s e, )| P < CV <M> (5.5)

For the |Y|'~%/2 part we use a Schwarz inequality to separate the tilde
variables. The result from (4.19), (4.22), (4.8) and (5.5) is

tM

Canal0l < €2 (1) 500 [ 0205

0 n 2—a 0 n o 2—a
x{“ do [] |Rj|mf-+1] +[j di ] |R,.|mf-+1] } (5.6)
—00 j=0 —00 j=0
with # := ¢! and with a slight modification of the measure dv,:

Avi(p,, P k. k)

= <l_[ M*(k]) dk] d];] ><1_[ 6(k; _];n(j))> dpn dﬁn 5(pn _ﬁn) J’)e(pn’ ﬁn)
= =t (5.7)

and we recall the definition of M™ from (4.5). The estimate of the two
terms in the last line of (5.6) are identical, so we consider only the first one.

The case n=0, m, > 1 is trivial by integrating out da, and collecting
@) — ¢l C=a) yging

@ da
sup — < (™
” f_w loc—e(po) +in|™*!

This gives (5.1) together with the ¥ = ¢"1¢ factor from (5.5).
From now on we assume that n > 1. We can immediately integrate out
ki, k,,..., k, and p,. Moreover, we use the trivial estimate

|R,|™*! <™ |Ry| (5.8)

for all j. So we obtain

M\ aq © n 2—a
|Cr_n,r_7z,n(t)| < CcV (%) tC-aml sup fdﬂ(]_c, pn)[j_w da l_[ |Rj|]

j=0 (5.9)
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where

M*(k;) dk, > dp, (5.10)
i=1

J

du(k, py) :=7.(pn, p,,)<

is a positive measure. The rest of the proof is similar to the proof of (3.16)
in ref. 1.
Fix all momentum variables, p, k’s, for a moment and let

n—2

G =] IR/ (5.11)

j=0
For any given p,, k,, g, we denote by g the probability measure on R

da

do) = o(de; p,, k,) := . .
Qo = e(dos - ko) = o S = At i la— B+ ]

with 4 :=e(p,), B:=e(p,_,)+o,0(k,) =e(p,+k,)+0,0(k,) and

@ da
Z=2Z(p, k)= 5.12
(rsk)i= ] lot— A+ in] la— B+ in] (512)

(we neglect g, dependence in the notation). We have a simple estimate for Z:

A—B
Z< 1+log, ‘TH (5.13)

=
|A—B+in|

Rewrite the da integration in (5.9) as
[ aa [T IRI=Z[" o(dw) G
—00 j=0 —0o0
and use Holder (recall that 2—a > 1)

< [* aa 1 |RA>”<Z“ [* o(do) Gy (5.14)
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We then obtain
_ < (CA?)Y N oam
o < (€2 (37 ) 1

X sup jdpn dk,[Z(p,, k) 1> 9.(par P,) M*(K,)
*© M*(k,_,) dk,_,
x| o(da; p,, k) " -
f—w jI"‘_e(Pn—z)‘i'”7_22=n—1 Gew(kz)|2
% M*(kn72) dkn72
la—e(p,_3)+in—25-,_, a,0(k)|>*

M*(k)) dk
x| I(ky) dk, _ (5.15)
lo—e(po) +in—2"5_, o,0(k,)|
We have
M*(k;) dk,
sup sup sup . - — <Gl
@« o okt kg2 kn J |a_e(Pj—1)+”7_ZZ:j le(k[)|2 (5.16)

with #:=1¢"". Recalling p;,_, = p;+k;, the prototype of this inequality for
b>1is

sup
b

M*(k) dk -
< - 1
ey ryrrale 17

There will be several similar inequalities in the rest of the paper. They
follow from the assumptions in Section 1.2 by elementary arguments. Their
proofs use the same idea and the details will be omitted. Here we only
sketch the proof of (5.17).

Proof of (5.17). 'We consider a tiling of R by identical cubes {Q,}
of size 9. We recall the quantity ¢ from (1.20). On each fixed cube Q = Q;
we resolve the singularity on an exponential scale. We define the sets
S, =Su(p) =0 {k:277'g<|,(p. k)~ 0] <270} (5.18)
for1<f<4,:=[log*t],£eN. We let

Sy, 1= Q0 {k: |D.(p, k)—6] <27g}
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and S;:=Q\U,S,. The integrand on S,, £=0,1,...,4, is bounded by
2%C{dist(Q, 0)> ~*~?* using the decay of M*(k). The volume of S, is of
order 27* by (1.20). We can sum up these estimates for £ to obtain Cyz*~".
Notice that for b =1 one obtains C, log™* . Finally, the strong decay of the
coefficients C, ~ <{dist(Q, 0)>~*~2* allows to sum up the contributions
from each cube. Notice that only the following property of M™ was used in
this proof

Z "M*"L“’(Qj) <o | (5.19)
J

We continue the estimate of (5.15). Using (5.16), we integrate out
ki, k;,..., k,_, in this order, then we integrate out du using that go(da) is a
probability measure:

M

t a
Co (D] < CY 22 <W> (-0t =0

Xf dp, dk,[Z(p,, k)17 Do pas Pa) M*(K,) (5:20)

We then use the estimate (5.13) and integrate out dk, to collect one more
factor C,t'~* using (5.17). At the end, to do the dp, integration, we use that
§5.(p, p) dp=Try, = 1. The total power of ¢ is Ma+(2—a) |m|+(1—a) n
=n+2 |m| = N using M = n+ |m|. This completes the proof of Lemma 5.1.

|

6. FULLY EXPANDED TERMS WITH SMALL n AND
NO RECOLLISION

Here we prove (3.5). We use the representation (4.40). We can assume
that n > 4, otherwise the apriori bound (5.2) applies.

Definition 6.1. A pairing = € I1, is called crossing if n # id. In par-
ticular, there exists a < b, with 7(b) < n(a). In this case the pair of indices
(a, b) is called crossing pair.

Remark. This definition differs from the one given in ref. 1 (Defini-
tion 2.5). Here only pairing lines between tilde and non-tilde variables can
form a crossing pair.

The only non-crossing pairing is the so-called direct pairing, n = id, it
is estimated by (5.1) and it gives the first term on the right hand side
of (3.5).



Boltzmann Equation from Phonons 1083

Lemma 6.2. let n< N, m,inne #(n, N) and let = € Il, be a cross-
ing pairing. Then

lim sup |C,, 5 (1) < ~VA(CA%)Y (log* £)* 6.1)
L—> -7

From this lemma and the combinatorial bound (5.3) the estimate (3.5)
follows immediately.

Proof of Lemma 6.2. If (a,b) is a crossing pair, then for fixed b
there could be many different a’s which form a crossing pair with 5. Con-
sider the smallest one, i.e., n(b) < n(a), but for all ¢ < a, n(c) < n(db). This
property will be called the minimality of the crossing pair.

From (4.19), (4.22), (4.8) and the bound (5.8) we have

o (DI < (CHM 2 sup [@v3(p, Bk B) [ da [T IR d&]] IR
g > j=0 ® j=0

(6.2)

Here we considered p;, p; as functions of p, = p, and k or k, respectively,
according to (4.24) and recall the definition of R;, R; from (4.23).

We need the following estimate to take care of the a, & integrations.
For any fixed index ¢

< (11 ) ) <o 63)
j=1
and the same estimate is true for {p,). This easily follows from {a+b)
< Cla)<b).
We also define

Lk) := kO M*(k) (6.4)

and we use that
L(k) < Cley~-1 (6.5)

by (4.6).

Let A:={a—1,a,n} and 4:= {n(b)—1, n(b), n}. Notice that these
are sets of three distinct elements. We then perform a Schwarz estimate in
(6.2) to obtain
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oD < (CHN 2 sup [ dV2(ps B e B) [ do

[ ATT IR +t“2H |R|2]H IR,| TT IRl =: (1) + (1)
j¢d jed jed (6 6)

where the decomposition (I) + (1) is according to the summation in the big
square bracket.

To estimate the term (I), we use p, and IE]-, j=1,..., n, as variables and
we simply estimate the terms R,, R,_, by Ct each. Moreover, we can gain
an extra factor {a) at the expense of {p,>*ITj-, <k;>*. Using (6.3) and
(1.16):

Ct (p)? {Qu(k, 0)) <p* -

R, < <Ct <C™ k>*
RIS e —0uk 00 > @ < (]6>7)
We also need the estimate
z ~ o\ — <ﬁn>2
k>l Cr 2 6.8
jl:[l < ]> <Pn(b)>2 68)

to insert a decay in fj,; and we also insert an explicit extra []; <l€j>‘2
decay. Finally we estimate M*(k) by L(k)<{k)~® which makes up for the
IT; <kj>8 factors used in these estimates.

Then we can integrate out all k; and p, freely, set p, = p, in R, and we
are left with

(1) < t722(CA)™ 121 sup j <1‘[ L(k,) d1€j>

JOO do d&

e DA AN A

IR 1R, 1Ry | 1R (H R 6.9)

jéd ><pn(b)>2 H (k »?

Since R depends on £, D k] 2, k, and p,, the variables &, k,,...
k, ..k, can be integrated out success1vely in this order. The 1ntegrals of k
with j # n(b), m(b)+ 1 successively eliminate the factors R;_; that depend
on p;_; = p;+k;, and they each give Ct by

L(k) dk

su <Ct 6.10
P | (9=a,(p, ) inl” (6.10)
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(see (5.17)) with k= lgj, p=p;and 0 = &—.(}j, where we recall (4.46) that

é]' = Z anfl(m)a)(];m)

m=j+1

and that p; = p, + >, _ ;.1 k,,. We recall that the function L(k) also satisfies
(5.19).

The integrals of N,,(,,) and 12,,(,,) +1 eliminate the factors En(b),l and ﬁn(b)
and they each give C log* ¢ by the estimate

L(k) dk
su — < Clog*t 6.11
P | 6= (p )+ < € 108 (61D

Moreover, from the IE,,(,,) integral we gain an additional {&):

J’ L(En(b)) dEn(b) < C"(log™ 1) [T, <kj>2
|6t — e(ﬁn(b) + kn(b)) +int a)(kn(b)) - Qn(b) | <ﬁn(b) >2 <@y

The prototype of this inequality is

“ f L(k) dk Clog"t
L 10=2.(p. ) +inl <py S <0

(6.12)

with 0 = &—iz,,(b). The proofs of (6.11) and (6.12) follow the same route as
(5.17) and we omit them. To gain (&), we use (1.16)
L Cc{2> <L k2
E—Qy &) <&

(6.13)

We insert these estimates into (6.9); we have collected (Ct)"~2 (C log* )* so
far and we also gained <{&).
Finally we integrate out a, & and j,: we obtain

Jw do d& Pe(Bns P)<Pn>" P,
o0 o)<E) ) |la—e(p,) +in| |&—e(p,)+in]

<(Clog* t)zf?e(ﬁn,ﬁn)@ﬁ“ dp, <(Clog*1)* (6.14)

using (1.26). Altogether the first term in (6.6) gives

D <tV CA*)Y (log* 1)*
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We now estimate the second term (II) in (6.6) after integrating out l;j’s
and p,

(0 = ()" etsup [ (T1 M) k) dp, 7.on )
a j=1

xfw docda [T R TT IR TT IR/ (6.15)

j¢A jed jed

Recall that R; depends on p;’s that are functions of the variables k; and p,.
We express everything in terms of k;, p, variables by (4.24). Similarly,

ﬁj:pn+ 2 km

m: w(m) > j

by the pairing k; = k, «(j)- In particular we have

Dot =Put+k,=v+k,+k, with v:i=p,+ ) &k,
j=za+l1
j#b

ﬁn(b) =u + ka Wlth u:.= p" z k

],
j:(j) > n(b)
j#a

Q=" +o,0k,) with Q*:= Y o0k,)
J: ﬂ(/);é >n(b)
j#a

Notice that v, u and Q* are independent of k,,..., k, and k,. This is clear
for v, and it follows for u and @* from the minimality of (a, b).

Now we start estimating (6.15). First we estimate ﬁ,,(,,),l by Ct and we
also gain a factor (&> ! using

1 <p,,
|6t e(pn(b) ) +in— Qn(b) 1|

[Rosy—1| = U <kiy*t (6.16)

similarly to (6.7). We also need

{p>?
{p>?

1_[ <kj>—2< Cn
j=1
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analogously to (6.8). Hence we have

(I) < £2/%(CAH)Y 2™ sup j <]‘[ L(kj)dkj> j ” d?&‘;&

<[40, 3. IR 1B (T IRP TR ) o T s
6.17)

We then integrate out k..., k,_, using (6.10) and collecting (C?)*~".
This eliminates Ry, R,,..., R,_,. Notice that ﬁn(b) is independent of these
variables.

Next we integrate out k,. This occurs only in R, ; and ﬁn(b)

~ _ (C log* 1)?
R,_ 2 L(k,) dk, < —————— 6.18
J IR Re] <> Lk dey <= 2= o (6.18)
Here we used the inequality
L(k) dk log* 1)?
sup [ LE) (Ll 6 )
o 2 10—=Pu(p, k) +inl |0 —D(u, k) +inl {p>* ~ Ip—ul <O

withk=k,, p=p,, 0 =0—Q,, 0 =a—Q*

Proof of (6.19). We use the transversality condition (1.21) and a
similar resolution of singularities as in the proof of (5.17). Again, we
consider a tiling by cubes of size ~ g. We fix a cube Q and we recall the
definition of the sets S,(p) (5.18). On the set S,(p) N .S:Z(u) the integrand
is bounded by 2‘+*C<{dist(Q, 0))*~'>{p>~% the volume is bounded by
27¢*OC |p—u|~'. To ensure the decay in 6 for ke S,(p), £=1, we use
(P> 2 < (dist(Q, 0)>2 (0> by (1.15) and (1.16). On S,( p) we have

1 <dlSt(Q 0)>?
10—, (p, k)+in <p>2\ <O

After summing these bounds for ¢, =0,..., [log* ], then summing up the
result for all O, we obtain (6.19). |

Continuing (6.18), from (0>'=<{a—R,>' we also gain a factor
{ay~" similarly to (6.13) using the decaying factor [T; <k;>~* in (6.17).
Hence we have
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(I1) < £/%(CH)*! (C log* 1)? (CAH)Y 121! sup j < 1‘[ L(kj)dkj)

a j=a+1

o dod&

4 A - n—1 . 1
o <a><&>fdp,,<p,,> e(pmpn)lRaIIR,,IlR,J( IT IR >—

j=a+1 |pa_u|

(6.20)

Let ¢ > a+1 be the smallest index such that 7(c) < n(b) (see Fig. 6).
Such index exists, if not else then ¢ = b. By the definition of v, u, we have

po—u=v+k,—u=:k,+w

where w depends only on &, 1,..., k,, p, by the minimality of c¢. Simply k, is
the momentum with the smallest index which appears in the difference

v—u= Y k- Y Kk
jza+1 j: n(j) > n(b)
j#b j*a
i.e., the first momentum which appears in v but not in u; or if the smallest
such index is bigger than b, then ¢ := b.
Now we can integrate out k,,; in (6.20) to eliminate |R,|. This gives
only a C log* ¢ factor by (6.11) if ¢ > a+1, and by

L(ka+ 1 ) dka+ 1

- <Clog*t
Vet stk T <18
if ¢ = a+ 1. The prototype of this inequality is
L(k) dk N
sup - <Clog*t (6.21)
w0 f |0_¢i(p9 k)+”7| |k+W|

and it is proven similarly as (5.17). Here the point singularity around w
also has to be resolved on an exponential scale; we find that within each

Pag =VH(:1Jr kb Py =vt kb

Pr) -1 Py TUFk,

Fig. 6. Basic crossing estimate.
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cube Q the integrand is bounded by 20+ except for a set of measure
~ 2747@=D ysing (1.20). The details are omitted.

If c=a+1, then all the remaining factors |R,|%, j=a+1, a+2,...,
n—1, can be integrated out successively. The order of the integration is
dk,.5,...,dk,. This gives (Ct)"~*"', which makes altogether a ¢-power
N—1/2, taking the ’*(Ct)*~'¢*"! prefactor into account and recalling
that n+2 |m| = N.

If ¢ > a+1, then we integrate out k,_,,..., k,_; in this order (it is void
if ¢ =a+2). These integrations eliminate |R;|*, j=a+]1,...,c—2, they do
not affect the denominator |p, —u| = |k, +w|, and they give (Ct)*~*"% by
(6.10). Now we perform the k, integral and eliminate R,_;:

L(k,) dk,

| . ; <Ci
|(x_e(pc +kc)+l”iw(kc)_gc| |kc +W|
uniformly in w by
L(k) dk
sup , <Ct (6.22)
pw,0 ‘[ |0_¢i(ps k)+”7|2 |k+W|

This inequality is obtained exactly as (6.21).
Then we do the k. ,..., k, integrations using (6.10), eliminating all
|Rj|2 factors in (6.20). This also collects

t32(CH)* 1 (Clog* t)* (Cr)* 2 CH(CH)"* £ = (CHV /% (log* 1)?

Finally, we finish the estimate of (6.20) with the «a, &, p, integrations as
in (6.14). This completes the proof of Lemma 6.2. |

7. FULLY EXPANDED TERMS WITH BIG n AND NO RECOLLISION

Here we prove (3.6). The basic idea is that we consider a few disjoint
crossing pairs (see Definition 6.1), which are well ordered (to make succes-
sive integration possible) and we plan to gain ¢! from each.

The key is the right definition of “well-ordered” crossing pairs. The
main difficulty lies in the fact that it is not true that “more crossings” give
better bound. In particular, the contribution of the fully crossing pairing,
n(j) = (n+1)—j, is of order t=“*! independently on the number of crossing
pairs.

So we need a more refined definition, which actually excludes the full
crossing, and lets crossing pairs alternate with noncrossing ones.
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T (a)
Fig. 7. A peak.

Definition 7.1. Fix a pairing 7 € I1,. A number a is called peak if
n(a—1)<mn(a)>n(a+1) (Fig. 7) and it is called valley if n(a—1)>
n(a) <m(a+1). The endpoints a =1 and a=n are not considered peak
or a valley. The valleys and peaks clearly alternate. We define a complete
ordering on the set of peaks according to the value of their height 7(a).

The number of peaks measures the complexity of the pairing. The
proof of the following lemma is given in the Appendix B.

Lemma 7.2. The number of pairings in II, with no more than K
peaks is at most n* 32K +2)".

We want to gain a factor ¢! from each peak. The idea is that the
factor ﬁ,,(a),l (together with R,_,, R,) will be eliminated by integrating out
Pa_1, P. at the expense of only log™* ¢ factors instead of the trivial estimate
|§n(a),1| < t. In order to estimate this integral, we make sure that only these
three denominators depend on p,_;, p, since we cannot estimate integrals
with many denominators. This requires a certain combinatorial structure of
the peaks.

There is a difference whether w is constant or not. The w = (const.)
case is simpler to integrate out and we will be able to gain a factor #~! from
each element of a monotonic peak sequence.

In the w # (const.) case the propagators R, Ej have more complicated
momentum dependence (see Appendix A.2 for more details), hence we will
need a stronger combinatorial structure for the peaks to be able to perform
the integrations. The appropriate structure (“momnotonic staircase’) is
introduced in the Appendix A.1.

We explain the proof of the w = (const.) case in details. The necessary
modifications for the nonconstant case are sketched in the Appendices A.1
and A.2.

7.1. Combinatorics for the Case of the Constant w

The following theorem is a well known Ramsey-type theorem in com-
binatorics:
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Lemma 7.3. Any sequence of different numbers of aff+1 elements
either contains an increasing subsequence of (¢ + 1) elements or it contains
a decreasing subsequence of (f+ 1) elements.

We will prove the following estimate.

Proposition 7.4. Let n< N, m, e .#(n, N). Suppose that w is
constant and that = € IT, has either an increasing sequence of x peaks or a
decreasing sequence of x peaks. Then

|Co 1,2 (DI < E7(CA%)" (log* 1)+

From these statements (3.6) follows for the w constant case. Choose
Kk =6, then all pairings which have a monotonic sequence of at least 6
peaks can be included into the second term in (3.6). Choosing a= =75
and K=5-54+1=26, it is clear from Lemmas 7.2 and 7.3 that with the
exception of at most 54"n* %3 < C" pairings, we are in the situation of
Proposition 7.4. The exceptional pairings are estimated by the apriori
bound (5.1) to give the first term in (3.6).

Remark. In general, we get ¢ with the exception of (Cx)?" pairings.

7.2. Estimate for the Constant w Case

Proof of Proposition 7.4. Leta, <a, < --- <a, be the locations of
the monotonic peak-sequence. We start with the expression (6.2). We
estimate~ all the ﬁj’s trivially by Ct except Iz,(am)_l, withm=1,2,...,k, and
except R,. This gives a factor (Ct)"*. In fact, with the help of (6.16), we
gain a (&) ' factor from one of these estimates, at the expense of collecting
{pay*T1; <k;>* factors. We also insert a factor

1
(P>’

I1<C

(<11 7 1.1)

this will help to secure a decay in {(a). All these factors will be incorporated
into the integration measures as before at the expense of changing M*(k)
to L(k) = M*(k)<k)"™.

Figures 8-9 show the leftover R’s represented by their electron
momenta j,, , , (bold lines) in case of an increasing and in a decreasing
sequence of peaks, respectively. We want to gain a factor of ¢ from each
bold line.
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Fig. 8. Increasing sequence of peaks.

Now we express everything in terms of p;, j =0, 1,..., n. Recall that

1
|&_e(ﬁn(am) +pam71 _pam) + ”7 _‘éﬂ(am)fll

Riy-1=

where now

Qa1 =< > 0j>w
J: 1) > am)

i.e., it is independent of the electron momenta. Similar formula is valid
for Q, .

The important thing is that p, , is independent of Paj-1 and P, for all
j <m in the case of monotonically increasing peaks, and it is independent
of Paj-1 and P, for all j > m in the case of monotonically decreasing peaks.
This can be seen from the expression

ﬁn(am) =pn+ Z (pjfl _p_])

Jj:7(j) > n(am)

and from the structure of the peaks.

Pao Py Pa, Part Pa2 Pa Py Py 41
| \\\\ // / ‘\ /’ g ’ ,//
: //\\\\\ // \\ - //, /’(///
| 7 e SN v, 7 -~ -
| ’ i ‘“:7\—»~_<,‘; -
’ . \ -~
Y » r » \\kan B

p p p p p
n(ak)—l n(aK) Mam)—l Mam) n(al)-l Mal)

Fig. 9. Decreasing sequence of peaks.
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Hence we can integrate out p, and p, |, m=1,2,..., k, variables in
the following order

pal—la pa17 paz—lapaza"'a pa,c—la pa,c

if we have monotonically increasing peaks; and in the order

pa,cfls pa,(a pa,(,lfla pa,(,la-"a pazfls paza palfla pal (72)

if we have monotonically decreasing peaks. Notice that the dp, and
dp,,_, integrations involve only the factors R, _,, R, and R,,(a _, assum-
ing that all other J Ry have already been integrated out for j<m in
case of increasing peaks and for j > m in case of decreasing peaks.

The result of each integration is a C log™* ¢ factor by using the follow-
ing inequality:

JL(pam—Z _pam—l) L(pa,,,—l _pa,,,) L(pam _pam+l) dpam—l dpa,,,
<pam>2 |°‘_e(Pam—1)+i77_~Qam—1| Ia_e(pam)+i’7_‘Qam|
1
X — — —
|a‘_e(pn(am) +pam71 _pam)+l”_gn(am)71|
(Clog*1)? (nw)
= <“><pam—2 _pam+l>d+1
The factor {p, >* on the left hand side and the factor {a)~' on the right

hand side are present only for m = 1. The prototype of (7.3) is the follow-
ing estimate

p J p—uy ™' {u—v)y =1 v—g)~"'dudv
su ~
panond? 0)*10; —e(u)+in| |0, —e(v)+in| |0 —e(r+u—v)+in|
< (Clog*t)?
<6,>

(1.3)

(7.4)

with the choice b :pam—b u :pam—l’ v :pama q :pa,,,+1 and r :ﬁn(am)'
Again, if there is no factor {v> 2 on the left, then there is no factor {g,)»~!
on the right. Since 0, = a—£, , we can estimate

1 < Clnw)
0> = L)

We used that r = p,, , is independent of u=p, , and v=p, so that
we could take the supremum over r = j,, , outside of the integration. We
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also kept a momentum decay relation from the three L-factors using that
L(k) < C<ky™' <(k)~*'and

1 C
<
<pa,,,—2 _Pa,,,—l ><pam—1 _pam ><Pam _pam+l > <Pa,,,—2 _pam+1 >

Only part of the decay in L(k) was needed in (7.4).

For the proof of (7.4) we use (6.19) to perform the dv integration, then
(6.21) for the du integration.

After having eliminated all remaining ﬁj factors, the rest can be done
by successively integrating out

Dos> D15--+» pa1—23 pal—l, palﬂpa1+13-”9 pa2—23 paz—ls pa29pa2+19-”9 DPn—1

in this order (hat denotes missing variable). Notice that we saved a succes-
sive momentum decay for the remaining variables so we can use (see (6.11))

<P—(1>_‘H *
su p ————— < Clog™t
le—e(p)+in| ~
withc =a— Qa,p pj,q=p;; forallj¢ {a, — -1l,a,m=1,2,.,k},

and simply ¢ becomes pj.3 for j=a, —2. We collect (C log* £)"—2.
At the end we are left with an integration identical to (6. 14). This
completes the proof of Proposition 7.4. ||

8. AMPUTATED TERM WITHOUT REABSORPTION

Here we indicate the proof of (3.7) which is very similar to that of
(3.6). We explain the necessary modifications in the corresponding for-
mulas leading to (3.6). One has to check only Sections 4.3, 5 and 7.

Our starting point is Proposition 4.3. Almost the same representation
is valid for the amputated term Tr 2, yI,[Z, y]1* except that in the set
M (n, M) we additionally require m, =0, u(1) =1, i.e., I, = & and we also
set I := . In particular the index 0 is not part of the set JuUJ and
|[7¢| := n+|m| is reduced by one. This expresses the fact that there is no
propagator e“»“?) associated with the momentum p,. The definition of
Y, 5 (4.21), (4.22) is changed slightly: the products over j start from j=1
and there is no s, .

The additional gain 1/ is due to the fact that the factors R, and R,
are missing and that the set J¢ has smaller cardinality.

In the proof of Lemma 5.1 one can easily see that there is one less
factor of #* in (5.5) due to the decreased size of |J¢| in (5.4). The other #'~*
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gain comes from the fact that the last integrand in (5.15) does not have a
denominator, so the dk, integration is bounded by a constant.

In the proof of Propositions 7.4 the gain comes from the fact that R, is
missing hence it does not have to be estimated by Ct at the very beginning.
Notice that R, has indeed been estimated by Ct since 7(a, ) =2 for all
peaks. For nonconstant w (see Appendix A) the argument is similar: in the
proof of Proposition A.6 the first factor S, is missing in (A.4). If 7(a,) = 1
and there are no S factors and f integration, then we gain from the
missing R, term. Th1s completes the proof of (3.7). ||

9. ONE REABSORPTION

In this section we prove (3.8). Recall that the measure [*™™ [T dk; in
the definition of 2, , (see (2.10) and (2.13)) contains a double summation
over measures [*®® [T dk;, where m € .#,(n, N). Hence we can write

N

ZIOLD YD Y10

a=2 meMy(n,N)

with
*ma) [ N
92—7’;&(0=f <H dkj>&¢(t, k, N) ©.1)
j=1
After a Schwarz inequality we can symmetrize

N
Tt (2o v o[ 2 x 1 <SC'N ) Y Tr u(ZRNL[27%]7)

a=2 meMy(n,N)

using that the cardinality of .#,(n, N) is bounded by C*.
Therefore it is sufficient to show that

lim sup Tr, (228 [D25]%)
L-> o

<}(cxz)N[(l°gt ”6+ ' (log® z)"+l°x(N>7)] 92)

for any 2<a<N and me #,(n, N). From now on we fix a and m and
recall that I, = I\ {1, u(a)}. Let I :={1,..., N} \1,.
We separate the measure of the reabsorpting phonon momenta in

9.1):
[ =" ’(H dkb> [ a, i, <H dk dkb“)Fa([k]L,, [K1::)

bel
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with

(Mo )= [ (1T @) T1 a-stotkn 03

bel, bel, b#bel,

and

F,([k1,, [K]r)
= x(k +k,u(a)) Z(k, m) bl;[ (1= x(ky + k1)) = x(kp +k,u(a)))

I

where in the notation we split the variables k= {k,..., ky} into two
sets: {k} =[k];, u[k];: and for any Sc{l,2,..,N} we let [k]s;:=
{k,:beS}. We let

F (UK 2) = [ ke (T1 k) FuTRY,, TR,

beJ
N
XtQ{(t,kaN’pN_i_Z k]spN> (94)
j=1

be an operator in the phonon space, parametrized by [k]; and p,. Here
A (t, k, N; py, py) is the kernel of the operator </(z, k, N) in Fourier space
of #, similarly to (4.29) and (4.30). Using the delta function J6(p,— px
—> ¥, k;) we have

N
JZ{<Z,I_C,NaPN+Z kijN)
j=1

= | <Nn dpj>A*(g, B[ [ds1Y (ﬁ o(k,) bkjefsfte@wm)
(9.5)

which is an operator acting on #,,. Here we define 4* by the relation

A(p, k) = 4%(p, k) 0(po — v — X~ 1 k;) (see (4.27)).
The same formulas are valid for the other copy of &%y in (9.2); the
variables are denoted by tilde. The result is

Tr, (2N o[ 27817

= j#(m’a) < [ dk, > f#(m’a) < I1 dk, > f dpy 9.(px> Pv)

bel, bel,

X Tty F([K1,s pw) v [ F ([K]s, P)]T* 9.6)
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We again used that the Jd(p, — p,) coming from taking the electron trace
can be replaced with J( py — py) and we integrated out py.

Similarly to Section 4.5, we again notice that the phonon trace in (9.6)
is zero unless there is a complete pairing between all the involved 2N
momenta k, k. The pairing must respect the prepared immediate reabsorp-
tions and the reabsorptions between k,, k,,, and k., Eﬂ(a), apart from an
error term that is negligible in the thermodynamic limit (Lemma 4.4).
Moreover, there is no pairing between k, and k,, b, b’ € I, (and the same
for the variables with tilde) by the no-reabsorption condition built into the
measure [*®9 [Tdk, (9.3). Hence the possible pairings are parametrized
by a permutation 7 € I, where IT; is the set of all permutations on the set
{2,...,d,...,n}. The map n*:=pomou":1, > 1, gives the pairing of the
indices of those k’s and &’s that are not prescribed for immediate recolli-
sions similarly to Section 4.5. This means that a factor

2 . <H 1Ky _Eu(n(j)))>
nell, \j=2
j*a

can be freely inserted into (9.6) modulo a negligible error. We obtain

Tt (2w () LL273 ()17 = Y, Chy(m )+0(4]™) ()

a
nell,

with

ctmo=[""" (11 @ ) [ (1T 4 ) [ dp 2we 2

bel, bel,

X<H X(kp(j)_ﬁ/t(n(j)))>Trph ﬁ([k],ﬂ,pN) Vph[f([lz]laal’zv)]*

j=2

ira 9.9)
Peaks and valleys of € IT;, are defined exactly as before (Definition 7.1)

and Lemma 7.2 remains valid if » is replaced with n—2. The estimate (9.2)
follows from Lemma 7.2 and the lemma below.

Lemma 9.1. Let N>3, a>2, n>0 be integers and m € .#,(n, N)
as before. For any = € IT, we have

1 1
Con(m < (Cflzt)NF (log* 1)° 99



1098 Erdos

Moreover, if 7 has x > 2 peaks, then
1 2N 1 * 2
Cry(mt) < > (CA*) g (log™ r)r+=+ (9.10)

The proof of (9.9) and (9.10) are given in Sections 9.1 and 9.2, respec-
tively. These are the recollision analogues of the apriori bound (5.1) in
Lemma 5.1 and Proposition 7.4.

9.1. General Bound for Recollision Pairings

For the proof of (9.9), we start by symmetrizing the momenta in the
definition (9.8). Using a Schwarz inequality within Tr,, in (9.8)

|Trph ﬁ([k]la’ 12%) yph[y([E]Iaﬂ PN)]*|
< % Trph 9(["]1”: Dw) 'Vph[g;([k]lua PN)]*
+1Tr,, F([k1,,, o) v F (K1, )1 9.11)

We deal only with the first term, the second is identical. Hence

#(m, a) #(m, a) ~
crzmn <" (11 a6 ) [ (11 d& ) [ dpa om0

bel, bel,

X<n X(k/t(j)_g,u(n(j)))>Trph y([k]l,,,PN) yph[y([k]laspN)]*

j=2
j#a

and we can freely integrate out all k,, b € I,. Each k, integration gives a

factor |711|’ so after these integrations

ma 1 #(m, a)
Cry(m 1) <WJ < I1 dkb>

bel,
x [ dpy 7u(pys ) Tty F((KL,s py) 1l # (UL, p)T?

Notice that this bound is independent of 7.
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Now we write out & explicitly using (9.4) and (9.5). We obtain

AN e#ma) i -
cattm <= (11 k) [ oy 7.0 po) [ s dly 08, 0

|A|n_2 bel,

xj(]‘[ dk, dkb+1><]_[ dk, d/€b+1>

beJ beJ

X F([KY,,» ki) (LK1, [RD;)

([ o) i ) e

x [ 1ds, 1 15 7Y (ﬁ 0(k;) <>>

X Tr,, [ <,ﬁ1 by, (r,.)> e~y e <,1j b (z) > ]
(11 oty 0 )

with k7 :=k; if je I, and kT :=k; if je I, and we recall the definition of
7;, 7; from (4.34).

Again, the pairing in the phonon trace must respect the recollisions
prepared in the F, factors and the prepared b, b pairing for j € I, (modulo
an error O(|4|™")). These latter pairings yield]a factor |A|"~? from the n—2
delta functions d(k; —k;) = |4].

Now we proceed similarly to Section 4.6 by integrating out the inter-
nal momenta k,, k, for b € J, relabelling the external ones and expressing
the relabelled electron momenta by the relabelled phonon momenta (4.24).
We need a slight modification of the expression p; (j=1,...,n—1)
compared to (4.24)

P=pt Y kw  Bi=ptxi<a-Dk+ Y k(912

m=j+1 m=j+1
m#a

i.e., now these are considered functions of k,...., k,, k, and p,. Similarly, we

slightly modify the definition of Qj, j=1,2,..., n, (compare with (4.25)):

Qj = i ama)(km)’ Qj = ){(]< a— 1) &aw(];a)-"_ Zn: O-mw(km)

m=j+1 mm=:é‘;1 (913)
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The exact dependence on the ¢’s are irrelevant. The important property is
that Q; depends only on the momenta k., k;.,,..., k, and the same for ﬁj
just k, is replaced by k,.

The result of mimicking the argument in Section 4.6 leading to Prop-
osition 4.3 is

Ci(m; 1) < C2i(n) (9.14)

with

mﬁ(’) _/12N Z Jdpn Ye(pn’pn)j<n M( O-j) dk]>

02,..., 03 G

x| MR,y 3,) R, Y,y (8, ps Pus Ko B g 0 {31 +0(417)
9.15)

where the definition of Y (4.22)—(4.23) is slightly modified as follows. There
is no permutation 7. The products over j in (4.21)—(4.22) start from j=1
and there is no sy, 5. The sets of phonon momenta are k= [k];, v {k }
and k = [k] LY {k,}. The electron momenta p;’s are functions of k as given
in (9.12), similarly for the tilde variables. Finally, we use the definition of
Q,, .(~2j (9.13), in particular Y depends on {o,,..., g,, §,} which replace the
variables ¢ in the original definition of Y.

The estimate of éf,lf’f,(t) is different for a > 3 and for a = 2; these cases
will be discussed separately. The first case is similar to the crossing estimate
in Section 3.3 (ref. 1). The second case corresponds to the nested pairings.
We recall the definition from Section 3.4 (ref. 1):

Definition 9.2. A pairing of the momenta {k,...., ky}, {k,,..., ky} is
called nested if there exist indices j; < j, < j; <j, such that (k;, ]4) and
(k;,, k;,) are paired, or the same is true for the tilde variables. Notice that
this notion is defined in the original graph and not in its skeleton.

In particular, a nested recollision graph with a =2 corresponds to
Ji:=1, j,:=u(2) =4 and (j,, j;) with j, := j, + 1 being the indices of any
immediate recollisions in between (1 < j, < u(2) and j is even).

9.1.1. Pairing with a Distant Recollision: Case a>= 3

We assume that a > 3. In this case the recollision pairing line actually
crosses at least another pairing line. In ref. 1 we treated this case together
with the crossing estimates. The proof we give here is similar although in
this paper we do not call it crossing pairing.
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Fig. 10. One recollision after symmetrization and relabelling.

To estimate Y in (9.15), we bound all ¥’s by a constant (4.8) and use
(5.8). We obtain

Coi(m ) < T < (CH™ ¥ sup [ dp, .(p,, p,) | dada
x| <_]‘[ M*(k].)dk,.>M*(1€a)d/€a [T IR IR
=2 7= (9.16)

and we choose 77 = ¢! in the definition of R;, R, (4.23).
For j > 1 we define

P:=p+ > k, QF:=173% o,0k,)
m=j+1 m=j+1
m#a m#a

We start by integrating k., this involves R,, R,, explicitly (see (6.19))
M*(k,) dk,
lc—e(ky + Py + k) +in—QF —0,0(ky) —0,0(k,)|
y 1 < (Clog* 1)?
6= (ks + P+ k) +in—QF —or0(ky) - ,0(k,)| |k, —k,|

Now we integrate out k;,..., k,_, in this order if a > 4. At the jth step,

3<j<a-—1, weeliminate R;_;, R;_,, using
M*(k;) dk;
lo—e(k; + P+ k,)+in—QF —o,0(k;) —o,0(k,)|
1

y — _ __<Ct (9.17)
& —e(k; + P+ k,)+in) — Q7 —o,0(k;) —&,0(k,)|
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and this gives (C?)*~* (this is valid even if a = 3). This estimate follows
from (6.10) after a Schwarz inequality. B
Now we do the dk,, dk, integrals to eliminate R,_; and R,_;:

M*(k,) dk,

J.|‘x_e(ka+Pa)+in_oaw(ka)_gjl
1 M*(k,) dk, C log* 1)?
. _ Mk (Clog )t
|k, — k| |&—e(k, + P,) +in—6,0(k,)— Q7| ~ {a—&)
The prototype of the dk, integral is
1 *(k) dk C log*
sup | () ¢ < 08! (9.19)
g O lk—dllc—e(k+P)+intaw(k)| ~<{c—e(P))

which is a straightforward strengthening of (6.21). The same estimate is
valid without the |k —g|~! factor, and that is the prototype of the dk, inte-
gration. Finally, we use

1 C
P e eP)y—e(P)y S le—2y

(9.20)

to obtain the {a—&) ! decay.

Now we do dk,,,, dk,,,,..., dk, integrals; each gives a factor Ct and
altogether we collect (C¢)"~“ In the jth step (a+1 < j<n) we eliminate
R, |, ﬁj_l by using a Schwarz estimate and (6.10) as in (9.17).

Finally we are left with

1 f Pe(Dn> ) AP,
{a—ay ) |a—e(p,)+in| [&—e(p,)+in|

j ¥ do d <(Clog*n)? (9.21)

Altogether we have

(log* 1)®

(Clog*£)? (Ct)* 3 (C log* t)* (Ct)"* (C log* 1)? = e

(C)"

for the integrals in (9.16), which finishes the proof of (9.9) in the a > 3 case.

9.1.2. Pairing with a Nested Recollision: Case a=2

Here we prove (9.9) for the remaining case a = 2. In this case m;, > 1
since we had a genuine recollision before relabelling. Therefore the original
pairing was nested.



Boltzmann Equation from Phonons 1103

We start from (9.15) and perform explicitly the k, integration. This
involves the following

A= A((X,, D QZ: 0'2)

= J M(k25 0'2)[R1(d, Dis Qla ﬂ)]m1+1 [Yr/(a_gla pl)]ml de (922)
using (4.22) and recalling that p, = p, +k,, Q, = Q, + g,0(k,).

Lemma 9.3. With the notation above and for m; > 1, # < 1 we have

Cm1<P2>d n—ml+1/2
Ca—e(pr)—£2,)

|[A(et, pa, 25, 05)| < 9.23)

Proof of Lemma 9.3. We present the proof for w = (const.) case
here and explain the necessary modifications in Appendix A.3 for the non-
constant case. The proof of the constant w case is a simple stationary phase
calculation, while the nonconstant case is an integration by parts similar to
Section 3.4 (ref. 1).

For the constant w case we recall (4.23), (4.4) and we write

A — gm+l J‘oo smleis(a—92—02w+iq)
0

Xje—ise(p)[}f”(a_gz — 0,0, p)]m1 M(p—pz, g,) dp ds

after a change of variables. Using (4.8), (4.10) and that M has decaying
derivatives up to order d we obtain by stationary phase argument (see
(4.13))

Cmpy g+
(Y (a—e(py)—2,)

fe—ise(p)[rq(a_g’ p)1™" M(p—p,,0,) dp| <

After performing the ds integration, we obtain (9.23) ifd>3. |

The same estimate as (9.23) is valid for the &, integration which can be
performed independently. We collected a factor (C¢)*™~! (with #:=17")
and we gain a {a—&) ! factor, similarly to (9.20). The extra { p,>* factor
can be compensated as before, using (6.3).

Then we estimate all the other R; and ¥ factors in absolute value in
(9.15), we use (4.8) and (5.8) for j=>2, collecting (Ct)?"™=?". Then we
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follow the end of the proof in Section 9.1.1 by integrating dks;,..., dk, and
further collecting (C¢)"~% Hence the total ¢ power is N —3, finishing the
proof of (9.9) for the a =2 case. ||

9.2. Bound for Recollision Pairings with Many Peaks

Here we prove (9.10) of Lemma 9.1. The argument is similar to the
proof of Proposition 7.4; in fact the recollision will not be used.

We start from (9.8) and follow the argument of Section 9.1 except the
Schwarz inequality (9.11). We obtain (compare with (9.15)):

Crimn=2""Y  [dp,7.pw )

02,..05 Op; Og

x j (1‘[2 Mk, 6,) 8(k;—ky;)) dk; d1€j> j Mi(k,, o) dk,
i

j#*a

X [ Mk, 3,) AR, Y,y (0, pos s o B 0 0 {51 +00417)

where the definition of Y (see (4.22)) is modified as follows. The two pro-
ducts over j in (4.22) start from j=1 and there is no s;, §,. The electron
momenta p;, p;, j = 1, are given in (4.24) and Q;, .(~2j are given in (4.25) with
the modification that o,-1,, := &, in the definition of Q.

After the trivial estimates (4.8) and (5.8) we obtain (compare with
(9.16))

(C24(ms D) < (CA™ 2 sup [ dp, 9e(ps p,) [ doc

g,6,

Xf < H M*(k;) 8(k; — k) dk; d1€j>

j#a

x| M*(k,) dk, M*(k,) dF, T] IR 1R |+0(4™)
j=1

where (4.23)—(4.25) are in effect.

This estimate is our starting point and it should be compared with
(6.2) which was the starting point of the proof of Proposition 7.4.

For w = (const.) we follow the proof of Proposition 7.4. Let a;, <
a,< ---<a.,el, be the location of the monotonic peak-sequence as
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before. We estimate all |R I’s trivially by Ct except R,,(a o, m=1,2,.
Of course the term R, is missing, which gives the extra ¢! factor compared
to the proof in Section 7.2.

The fact that k, +k, = k, +k, = 0 does not change the dependence of
p; and p; on k, k (j=1). Since p, and p, does not appear in R, R, j=1,
the only new momentum constraints due to recollision, p,— pl +Paq
—p,=0 and p,—p,+p,_ —p, =0, play no role. Hence the argument in
Section 7.2 remains unchanged; the key point being that p,, , was inde-
pendent of p, _;, p, in (7.3). Therefore the dp, ,dp,, _, integrations can
be done successively; starting from a, or a, depending on the monotonicity
of the peaks.

For w # (const.) we follow the proof of Proposition A.6 in Appendix A.2;
the proof is unchanged, just the dp,, dp, integrations and the correspond-
ing R,, R, factors are missing. ]

10. COMPUTING THE WIGNER TRANSFORM OF THE MAIN TERM

To identify the weak limit of W jmn, (X, V), we test it against a func-
tion J e #(RYxR?). We fix K >5. We recall the definitions of %™ (¢)
(2.18), Y,, 5., (4.21)~(4.22) and J,(&, v) =& %J(e™", v). Then we have the
following proposition which can be proven exactly as Proposition 4.3.

Proposition 10.1. For any fixed K > 5 and J € #(R?x R%)
K—1 min{N, N}

I W Siny ) — Z ) > Y X Con.®

n=0 meM(n,N) meHM(nN) nell,

lim sup

L—>

with N := (N +N)/2 and

Cha®i=1 3 [ a5 e 0k E0) Ty, (045 0-5 kg )
7 e{+} 2 2
=t (10.1)
(compare with (4.19)). The difference between Cm #n. and C, 5 . from

(4.19) is twofold. We replaced the measure dv,(p,, p,, k, k, @) (see (4.20))
with

v (¢, 0. k. k. 0) =0 <UO_”_ Zn: kj>‘fe(éslj(“))?e <v+§, v—§>

j=1

< 1‘[ —ky;y) M(k;, 0,) dk; dE, > dedv  (10.2)
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and instead of (4.24) we considered p;, p; as functions of v, ¢, k k as
follows

p=viot Y ke B=o-ct Y K (103)
2 £=j+1 2 L=j+1
With these notations, the definition of R;, ﬁj (4.23) and Q;, f)i (4.25) are
unchanged.

The next lemma gives an estimate on all C} . (¢), and a stronger

bound if 7 is crossing. o
Lemma 10.2. Let K>5 n<N<K,i<N<K,me.#(n,N), e
M (n, N), then for any 7 € 11,

(C, 2N

O T (10.4)

lim sup |C;, 5 (D] <
Lo T

where M :=(N+n)/2, M := (N +n)/2 and 0 < a < 1. Moreover, if 7 € II,
is a crossing pairing (7 # id), then

lim sup |C, 5 (O] <t7/X(CA%*)Y (log* 1)* (10.5)
L—> -

Proof. For (10.4) we follow the proof of the analogous Lemma 5.1
starting from (10.1). We again split [Y| = [Y|*/?|Y|'~*/%. The first factor is
estimated in supremum norm using |Y| < CYeM ™ /(M M) (see (5.5)). The
estimate (5.6) is modified as

M+M

IC% 4 (DI S (CAYNHF < t

al2 -
o M,) sup [ d72(¢, v k. )

2—a

x{tqrzq—v_nna—a/nU“ da ] |Rj|mj+1}
e
. ) L 2-a
4 (=10 a/z)[j & ] IR j+1] }
e

(o5-)

X < 1‘[ 3k, —ky ) M*(k;) dk; dk; > dédv  (10.6)

with a modification of dv,

n

1E 0 D=0 (0= 3 &y )VAGE )
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The rest of the proof goes through until (5.20), just p, is replaced with
v+§ and p, with u—g, i.e., (10.3) is used instead of (4.24), the t-powers are
adjusted and dy is redefined as

- ¢ ¢
Ve <U +§’ v— z

dA(E, v, k) = (. vo)] 5(vo—v—i k,->

j=

x(ﬁ M*(k;) dkj>d§ dv

Let J¥ (&) :=sup, |7.(&, w)|. After the dk, integration in the analogue of
(5.20), we arrive at

c* Dl <(CA N+N IMHQ a/zt(lrzl|+|r_nl)(17a/2)+(1fa)n
|C . (D] < (CA) W AR
& ¢
* A
x| dg dv 72(9) |5, <v+§,v—§>‘
(C, 20" X
\Wfdfdvje(é)

x[)”)e <v—§,v—§>+?8<v+§,v+§>} (10.7)

using [7.(p, p)| <;[9.(p, P)+79.(p’, p')] by 7.>0. Then (10.4) follows
from (2.22) and (1.26).

The proof of (10.5) requires very similar modifications along the proof
of the analogous Lemma 6.2. The estimate (6.2) is modified as

(€t (O] < (CA)YHY 14 sup [ 4572(E, v, k, )

XJ doc T] |Rj|f da [T IRl
—o j=0 —o0 j=0

keeping in mind (10.3).

It is easy to check that all estimates in the proof of Lemma 6.2 go
through, since they were always valid uniformly in the incoming electron
momenta denoted by p in (6.10), (6.11), (6.12), (6.21) and (6.22), hence a
shift i% does not make a difference. Finally, instead of (6.14) we have
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oS (5D
a—e <v+§>+in a—
< (Clog* t)zjdé dv J; (&)

x[)”ze <u—§, v—§><v—§>4+f/e <v+§, v+§><v+§>4]<é>4

< (Clog*1)?

N

J‘oo do d&

o ) 4 IIO

We again used (1.26) and

sup [ J2(E)E* dE =sup [ sup 1/,(& v <O de <o

e<l1 e<l1

This is an extension of (2.22), and it is clearly valid for J € (R*xR?). |

From (10.5) we know that only the direct pairing counts. To compute
*

m.m,id» W€ use the second formula for Y, 5 ;; (4.22) and that Q; = f)i

* () i= 22 j dv, (&, v, k, k, @) ™ j da e
o; e{+}
j=1,.

X l_[ RYHY (=), p)1™
fd R’" I, @—Q,, )1 (10.8)
Introduce
v i=v+ Zn: k,,, m=1,2,..,n—1 (10.9)

and v,:=v. Note that p;,=uv; +§. We show that Y,(x—£,, p;) and
Y, (@&—9;, p;) can be replaced with
V=Y. (e(v;), 1), and Y_Jj =1, (e(v)), v))

modulo a negligible error (recall (4.11)). Notice that ¥; depend on
U f’ JH1oe00> n'
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Lemma 10.3.
C;“_n, mia(t) = Cf‘_,,*,_;, (1) +O((C/12t)’v tV2(log* 1)*) (10.10)

with

Conu®) =227 Y [dvu(é vk ko)

aje{i}
=1,..,n

X fw doce [] Ry [ dae [l Ry 'wm (10.11)
i= ji=

J

We also have

(C2n)Y

O T (10.12)

lim sup C3, ()] <

Proof of Lemma 10.3. The estimate (10.12) is proven exactly as
(10.4). For (10.10), we compute the difference C*—C*. We obtain a
similar formula as (10.8), just [T; Y(---)" is replaced with [T; Y(---)"—
I'l; ¥} and similarly for the factors with conjugate. We then estimate this
expression exactly as in the proof of (10.4) with a = 0.

Let 0:R —> R be defined as 6(s):=|s| for |s|<1 and O(s)=1 for
|s] = 1. Using (1.15), (4.8) and (4.9), we see by a telescopic estimate that

n

[1 [Y,(x= 2 )17 =] ¥

<C Y, (0= —e(p)+OAWpY+ON]  (10.13)

For the first term in (10.13) we notice that

¢
<°‘_~Qj _e(Pj)>

in other words, the net effect of a factor 8(a—Q;—e(p;)) is that it neu-
tralizes the singularity of an |R;| factor and still keeping its decay property.
Hence, effectively, m; is decreased by one (see (5.8)). We gain a factor ¢
from this decrease (notice the dependence of the ¢ power on |m| in (10.7)),
but we lose #7/2=1¢'/? in (10.13). This gives the extra factor r~'/? in the
error term of (10.10) relative to the robust estimate (10.4). The special case
m; = 0 require small modifications which we leave to the reader.

H(a_‘Qj _e(Pj)) |Rj| <
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For the second term in (10.13) we use that j €] <& TH(&) dE = O(e) to
gain 5~'/%¢ = ¢7'/2. The factor {p,» can be absorbed into the decay of M*
and y, as before. ||

Combining Proposition 10.1, Lemmas 10.2 and 10.3 we obtain

Proposition 10.4. For K> 5,

K—1 min{N, N}
. . *
fmsup timsup [/, Wimy= T Y T Y Cpuo|=0
e—0 Lo N,N=0 n=0 me.#(n,N) me.M(n N)

Using the factorials in the estimate (10.12), we can extend the summa-
tions over all m, /; the error term goes to zero as K — oo:

lim sup lim sup lim sup (<J, W 5min, > — Z C(n,t)[=0
n=0

K-> e—0 L— o X

where

Cnt)y:= Y Y, Cuau(®

my,...,m, =0 ng,..., iy =

The summations over m;, /; give a geometric series in (10.11). We
obtain a shift in the denominators of R; (“‘one loop renormalization™):

& 1
R (2P )™ = 10.14
2 Ry a—e(p;)—2;— A, +in ( )

mj=0

We can change back the da and d& integrations into subsequent time inte-
grations since ¥’s are independent of them (see the similar identity in
(4.50)). We obtain

_ aom _ ~ 123 n 143 ~an
Cmo=2 3 [ ok ko) | "1dsT5 [ 957

i T

j=1

exp{ —i[s;(e(p;) + @2, +A*¥,)—5,(e( p;) + 2; + A*¥)) 1}
(10.15)

X

n

j=0

The rest is similar to the end of Section 4 in ref. 1 and we will skip a
few technical details.
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We introduce the new time variables a; := (s;+5,)/2, b; := (s, —5,)/2
for j=0, 1,..., n and we have

Con=24" Y | (f[ dvj>d§fg(€,vo) | <H M(U,._u,.+1,a,.+1)>
ge{t}) © \j=0 j=0
j=1,..,n

X%, <v,,+§, v,,—%)J.Ot (,1:[0 daj>5 (t—jgo aj>

X exp { —i- Zn: a;Ve(v;)+2 2": a,(A*Im ¥, + 0(52))}

x]f[o <j_ dbj>5<]zn:0 bj>

X An exp{ —2ib,[e(v;)+2;+ 1> Re ¥, + O(&*)1}

j=0

Here we used pj=v]-+§, ﬁj=vj—§ and the second order Taylor

expansion of e(v)

with a uniform error bound (see (1.15)).
We rescale all microscopic variables into macroscopic ones, i.e.,
a; :=¢a;, { =¢7'¢, t =¢7'T and recall that ¢ = A>. We define

n—1 n—1
%a(0) :=)(<—a0 <X b <a0> [1 x(—a;<b;<a)

j=0

for any a := (ay, a,,..., a,) and b := (b, by,..., b,_,). Then

Cn,y= Y. Jdcj<ﬁ d”j)ﬂfﬂo)f(iiM(Uj_vj+1»‘7j+1)>

o;e{x} j=0

ji=1.., n

XfT<n dOC]>5<T_Z cxj)J\OO dbx.e’loc(l_’)
0 j=0 j=0 - )

n—1

x 1:[ 2 exp{ —2ib,[e(v,) —e(v,) + Q, +&(Re ¥, —Re ¥,) + O(e%?)]}

X eXp { —iC- Z a;Ve(v;) +2 Z o(Im ¥, + 0(sc2))} W, (eC, v,)
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It is easy to see that the error terms are negligible as ¢ — 0 since T is fixed
and ( is essentially bounded by the decay of J. The db; integrations give
2mé(e(v;) —e(v,) +£2;) delta functions on the energy shell as ¢ — 0.

Following the analogous calculations on pp. 709-710 of ref. 1, using
the macroscopic profile of the initial state (1.25) and recalling the definition
of the Boltzmann collision kernel (1.27)

oV,U):=2rn Y MWV —-U,o0)deV)—elU)+oulV-U))

o=+
we obtain (V; = v;)

lim lim C(n, e 'T)

e->0 Lo

=jdXdV0---dV,,J(X,VO)LT<

1 e m¥; docj>5 <T— D oaj>

j=0

><<ﬁ G(V,-J’,»H))Fo <X—Z oc,»Ve(Vj),V,,> (10.16)

j=0 j=

s

We also rearranged the energy conservation delta functions as

n—1 n—1

l_[ 5(e(vj)_e(”n)+gj) = 1_[ 6(e(vj)_e(vj+l)+aj+1w(vj_Uj+1))
j=0 j=0
Noticing that
—2Im¥, = [o(U, V) dU

by (4.12), we see that (10.16) is exactly the nth order term in the Dyson
series solution of (1.2). This completes the proof of the Main Theorem. ||

APPENDIX A: CASE OF GENERAL w

Here we show how to modify the proof of Lemma 3.1 if w is not con-
stant. The assumption that « = (const.) was used only in Sections 7 and 9.

The proof of (3.6) for w # (const.) will be given first. The necessary
combinatorial structure is introduced in Section A.1 and the key analytic
estimate (Proposition A.6) is proven in Section A.2. These sections show
how to modify the argument in Section 7. The modifications for the proof
of (3.7) were already explained in Section 8 both for constant and non-
constant .
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Most of the proof of (3.8) in Section 9 is valid for arbitrary w. The
assumption o = (const.) was used only when we estimated the nested
pairing in Section 9.1.2 (proof of Lemma 9.3). The technical modifications
for nonconstant w are given in Appendix A.3.

A.1. Combinatorics for General w

Since the momentum-dependence structure is more complicated, in
order to perform the succesive integration of Section 7 we need more
control on the structure of the pairing.

Definition A.1. Fix a pairing ne Il,. A sequence of consecutive
numbers a, a+ 1, a+2,...,a+h< {1, 2,..., n} is called a down-stair of length
hif n(a) >n(a+1)> --- >n(a+h); and it is called an up-stair of length h
if n(a) <n(a+1) < --- <n(a+h). We always assume that 4 > 1.

Notice that the elements in a stair must be consecutive, it is not suffi-
cient if they just form a monotonic subsequence.

Definition A.2. A set of k up-stairs;

a,a +1,...,a,+h;
a, a2+la'--7 a, +h2;

a,a.+1,..,a.+h,

is called an increasing x-staircase if it satisfies the following properties:
(@) a+h<a,, forj=12,.,x-1;
(ii) Each a;+h; is a peak;
(iii) The m-images of the peaks are increasing:

n(a, +h) <n(a,+hy) < --- <mn(a,+h,)

(iv) There is no peak p with a; <p<a;,,, n(p)>n(a;+h;), j=1,
2,..,k—1;
(v) The images of the stairs minimally overlap, i.e.,

n(a;. +1) > n(a;+h;) > n(a;,,) j=1,2,..,k—1

The numbers a, +4,, a, +h,,..., a,. + h, are called the tips of the stairs,
the numbers a,, a,,..., a, are the bottoms of the stairs.
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a alJrh1 a, aerh2 aj a3+h3 i

Fig. 11. Graph of a permutation with an increasing x = 3 staircase.

In other words, an increasing x-staircase consists of x up-stairs with
lengths Ay, h,,..., h, in such a way that every up-stair ends just above where
the next one starts, i.e., if we removed the bottom from each stair then the
stairs would not overlap. (See Fig. 11). Moreover, there is no peak between
two stairs which would be higher than the tip of the lower stair. This
implies, in particular, that there is no dot at all in the shaded regime, i.e.,
there is no p with a; <p<a;,,, n(p)>n(a;+h;), j=1,2,...,x—1. Note
that the bottoms are not necessarily valleys.

Similarly we define:

Definition A.3. A set of xk down-stairs;

a;, 4 +1a'--a a; +hl;

ay,a,+1,...,a,+hy;

aa.+1,.,a.+h,
is called a decreasing k-staircase if it satisfies the following properties:

(i) aj+h<a;, forj=1,2,. ,xk—1;
(ii) Each g; is a peak;
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(iii) The m-images of the peaks are decreasing:

n(a)) >n(a,) > --- >n(a,)
(iv) There is no peak p with a; < p<a;,,, n(p) > n(a;,,), j=1,2,...,
- L(V) The images of the stairs minimally overlap, i.e.,

n(a;+h;—1) > n(a;,,) > n(a; +h), j=12,..,k—1

The following proposition shows that essentially every permutation
has either an increasing or a decreasing x-staircase. This is again a Ramsey
type theorem. However, the estimate is very bad in x, so practically it can
be used for finite x only.

Proposition A.4. For any fixed x, with the exception of
n4~4"’1+3(2 . 4x—1 +2)n

pairings, a pairing « € I, either contains an increasing or a decreasing
K-staircase (or both).

Proof. We need the following lemma whose proof is given in the
Appendix B.

T (j)

Tip

Bottom

Bottom

T T
3 ajth 3, ath a3 ath i

Fig. 12. Graph of a permutation with a decreasing x = 3 staircase.
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Lemma A.5. Suppose that a permutation has at least (**#) peaks.
Then it has either an increasing («+ 1)-staircase or it has a decreasing
(B + 1)-staircase (or both).

From this lemma and Lemma 7.2 the proof of Proposition A.4 follows
easily. Choose a = f = x—1, and use that (*~2) <4, |

In the next section we will prove

Proposition A.6. Let n< N, m,me .#(n, N). Let w # (const.),
satisfying the assumptions in Section 1.2, and assume that 7 € IT, has either
an increasing x-staircase or a decreasing x-staircase. Then

|Cr_nr_71n(t)| < I_K+2(Cﬂ.2l)N (log* t)n+lc+2

From these statements (3.6) follows for the w # (const.) case. Choose
x =8, then all contributions which have a monotonic 8-staircase can be
included into the second term in (3.6). The exceptional n** *+3(2-47+2)"
< C" pairings can be estimated by the apriori bound from Lemma 5.1 and
be included in the first term in (3.6).

Remark. In general, we gain (">

A with the exception of
47432471 £ 2)" pairings.

A.2. Estimate of the Indirect Term for the Nonconstant w Case

Proof of Proposition A.6. The difficulty is that there are momen-
tum dependences within the argument of w. This makes it impossible to
eliminate all the designated R factors by integrating out the peak variables
as in (7.2). In Section 7.2 when we integrated out p, _, and p, , we used
that only three denominators (two R and one R factors) depended on
these variables (see (7.3)). In case of nonconstant w, still only these three
denominators depend on p, , and p, as far as the electron kinetic
energy is concerned, but due to the cumulation of w’s in the form of
+@(Prs1 —Prer) £O(Prss—Pris) - in Ry, all R; factors depend on p,,
and p, forj<a,

Hence we have to integrate out all p; in consecutive order: p;, p,,..
This means that the designated Rﬂ(a )—1 factors are eliminated in an alter—
nating order with the regular R; factors. One has to ensure that when we
integrate out p; with some a,,_; <j <a, —1, the designated R,,(a) 1, i=m,
denominators are not affected since we cannot integrate out a variable
which appear in many R factors.
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The staircase construction of Section A.l is designed to ensure these
restricted dependences so that the p,, p,,... integrations could be done in
this order.

There is one additional difficulty: the staircase controls the ordering of
the momenta between the first and the last stairs, but it does not control
the ordering before and after the staircase. The natural idea to consider the
“first” staircase does not work (the first staircase could be too short).

So we have to separate the staircase from the rest, unless ¢, =1 or
n(a,) = 1. We use the semigroup property of the measure j’* [ds;10:

s g = ds ([ rds 1 ) [ rds 1 (A1)
J, J, s, J,

and we will lose a z-factor by estimating the outer integral trivially. This is
why the estimate in Proposition A.6 is weaker by a t* factor than that in
Proposition 7.4.

A.2.1. Estimate for Increasing Staircase

Assume that 7 has an increasing x-staircase with a; bottoms and
a;+h; tips for 1 < j<x (see Definition A.2). Our starting point is (4.44).
We use (A.1) for the time integrals in (4.44) as follows:

n

Jt* [ds]]ON [ l_[ 1—[ e—i-‘b[e(l’u(j)+lbkb)+9,-+1b"b”’(kb)] ]
0

; ¢
j=0 btequ

:L’ ds <f0 [ds,J4n~! [

n

(t—s)* .
X<L [ds]-]ff(al)[ﬂ IT e‘”b”“’”"’“b"b”‘?ﬂb"bw("b”]) (A2)

¢
j=a beLul;

a;—1

1
H l_[ e —isy[e(pu(j) +)(bkb)+.(2].—.Qal —1+1,0,0(k,)] ] > e—is!?al —1

: ¢
j=0 beljulj

i.e., we separated the ds;, j < u(a,), integrations from the rest by prescrib-
ing their total sum to be s. We also pulled out a factor e “=~! which
shifted all Q,’s in the first group of propagators by 2, — 1. Notice that

a —1
‘Qal—l _'Qj = Z amw(km)9 ]S a -1 (A3)

m=j+1

depends only on k;,,....k

o-1» and Q; for j>a, depends only on
a;+1> s vp
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The decomposition of the dS; integrals is similar; we separate the ds;
j < f(n(a,)), integrations (their sum is §) and pull out a factor " Pnap 1 We
again see that the k-dependences of

Qj _Q"(al)*l = z O-ma)(km)
m
j<m(m)<mn(a;)

for j < m(a,;)—1, and those of

Q=Y o0k,

s w(m) > j
for j > n(a,), are separated.

Now we use (4.50) for each time integral in (A.2) separately, we
integrate out k,, beJ, and similarly for k;, beJ as in (4.51). We then
estimate everything by absolute value, we use (4.8) and (5.8) and we esti-
mate the two outside time integrals (ds, d3) trivially. In this last step we
lose an extra t2. We also integrate out 5, and all 12,. and express everything
as a function of k; and p,. The result, similarly to (6.2), is

Co. 1O < (COM 2422 sup [ &2 (pys v s )

a;—1 n(a)) —1 n

j docd/?]_[ ) 1] |R|j dg dff H 151 T1 IR

j=ay j= j=”(a1) (A.4)
where in addition to recalling the definition of R, ﬁj (4.23), we define

1
ﬂ_e(Pj)_(Qj_Qal—l)‘i'i’?’

5.—5(8 5 1
=8B, P, 2 —2py_1, 1) =3 - -
> 24j (a)-1 B—e(p)—(Q;—Quu)-1)—in

S; =588, pj» ;= Q4 _157m) 1=

and, as usual, p;, p; are viewed as functions of p, and k (4.24).

If a, =1 or n(a,) =1 then there is no need for separation, i.e., there
are no additional df or df integrations. In this case (6.2) can be used
directly. We will not discuss this simpler case in detail.

We introduce

b,:=a;+h, I1<j<k
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for the location of the tips. All factors in (A.4) with tilde except R, and
R,,(b) 1, j=1,2,..., K, are estimated trivially by (Cp), this gives (Ct)" ™.
Moreover we make sure that we gain a {&@)~* <ﬂ> ~2 factor from these
L*-estimates, exactly as in the constant w case, using (6.16). Notice that we
need to gain a second () '-factor to make the df integration finite. This
is possible only if 7(a;) > 1, but there is no need for dﬁ integration at all
if 7(a,) = 1. We also insert an explicit extra [, <k;>* decay. Since all /3
denominators are estimated in L® norm, at the end we can perform the dj
integration. We get

L*(k;) 6(k; — Ky ;) dk; d1€j>

| m, i, n(t)l tik+2(cj‘2t)N sup f < <k>4

><fdpn<pn>“+12 $e( D> D)

0 1 a;—1
<L, d“d/’)<<pal >y 1 'S'>

o di K~
<<Pb, 1>2]na1 | f|>< . @El |Rn(bm)1|>

L*(k) 1= M*(k)(k )2+ (A.5)

with

so L*(k) < C{k) 2. Notice that we also inserted {p, _,> > <{p, 1> "' x
Do, - >~ using (6.8) to prepare for the decays in f and o at the expense of
increasing the { p,)>-power and using up a few []; <k;) power from M*. If
a; = 1, then there is no need for {p, _,>* insertion.

We express the electron momentum in R, )1 aS Prp,)—1 = Prs,) +
Pv,,—1 = Ps,,-

Figure 13 shows an increasing staircase; the bold lines indicate the
electron momenta in those ﬁj’s which we kept (j =n(b,,)—1,m=1,..., k).

Py +1 Py 1 P Py Po1 Py
| | | \ , / / [ / / \
| | | , / / \ o / / \
| | | \\, ’ ’ X / / vy
| | | ’ ’ ’ \ - // 1 v
| | | AN (/,’ / / » \\ Vb , / //x\
A AP ro y o’ ’
)// \\\ 4 \\ \\
P P P P
1t(bl) -1 n(bl) n(bz)fl n(bz)

Fig. 13. Increasing staircase.
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Now we change variables; we use py, p;,..., p,_; instead of &y, k,,..., k,,.
Notice that for each m < k the factor Rn(b y_1, i.€., the momentum p ) ,
and .Q,[(,, y—1 do not depend on p;, a, <j<b, —1 This follows from the
staircase construction.

First we estimate the factor L*( Pa,—1 —DPa,) by a constant. In this way
the p-dependence of the remaining L* factors are separated. The inserted
4 pa1_1>’d’1 factor ensures that the integration of the momenta before the
staircase is still finite.

We then integrate out p,, p, (1., Ps—2, these variables do not
appear in Ry, , m=1,...,k, or in §;, j<a,—1 (see (A.3)). We get a
(Clog* t)"~! factor by (6.11) and we have eliminated R s J = Qpsenny by —2.
For the p, , and p,, integrations we are in a situation 51mllar to (7.3). We
explicitly write out the factors R, ,, R, and R,,(,, y—1 that are involved and
we obtain

J L (Pbl 1 Pbl)L*(Pbl _Pb1+1) del—l del
Py, 102 lo—e(py, 1) +inta(py, 1 — Do) T O( Py, — P, +1) — 2, 11
9 1
e —e( ps, ) +in £ (s, — Po,+1) — s, 41
1
X = ~ - =
|°C_e(Pn(b1) + Dp, -1 _Pb,)+”7iw(Pb,—1 _pbl)_Qn(bl)—ll
* \3
< (Clog™r)
<“_Qb1+1>

(A.6)

Notice that p,,, is independent of p, , p, +15---» Py, » 1.€., Of all the variables
we have integrated out so far. The prototype of this inequality is

o—u) W u—qg)> ™ 1dodu
qu (v)? |0 —e(v) +in+w(v—u) T o(u—q)|

y 1 1 - (Clog*£)?
0—e(w)+intow—q)| |§—e(r+v—u)+into@w—uw)| <O
(A7)

(with U—Pb, 1 U= Dy 4= Do s15 T = Dapy)> 0=oa— ‘Qb +15 6=a- Qn(bl) 1)
which is proven s1m1lar1y to (7.4). First we perform the dv integration using
(6.19), then (6.21) estimates the du integration. We can change the decaying
factor (a—£, ,,> " in (A.6) into <)~ at the expense of the product of
Ck;»* =< pj—p;_1»* factors (j = b, —1,..., n) similarly to (6.13).
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Next we integrate out p, i1, Py 425> Payse-+s Pay+hy—2 = Ps,—2- By the
staircase property (especially (iv) in Definition A.2), these variables do
not appear in the remaining factors R,[(b) 1, j =2, hence they freely give
Clog*t factors and they eliminate R , j=b+1,..,b,—2. Now we
integrate out p,, , and p,, exactly as in (A 6), etc.

Once we are done with all p, _; and p, (1 <m < k) integrations, then
there are no more R factors left. So we integrate out the remaining
variables, py, pi,---» Pa,—1, @0d py . 1,..., p,_; in this order; it is easy to see
that at each step only one S; or R; factors depends on these variables. At
the p, _, and p, _, integration we use

L* — *
f (l?al—Z pal—l) dpal—Z . < C IOg t (A8)
|ﬁ_e(pa172)+”7iw(pa172 _palfl)l <pa172> <ﬁ>
and
dp, _ log*
f P ] 1 d+1<C og™t (A9)
|B—e(pa, 1) +inl {pa,—1> <B>

that follow from (6.12) and (6.11). The extra {B)>~? factor makes the df
integration convergent.

Finally from the «, & and p, integration we obtain a factor (C log* ¢)*
similarly to (6.14). This completes the proof of Proposition A.6 for the case
of increasing x-staircase.

A.2.2. Estimate for Decreasing Staircase

The proof for the decreasing staircase is very similar. Here we chop off
the end of the expansion. Let b, := a; +h; as before, but now these are the
bottoms of the stairs. Then instead of (A.2) we split the s; variables into
two groups: j=0, 1,..., u(b,)—1 and j = u(b,),..., N. The result, analogous
to (A.4), is

Co. (O < (CHP™ 2 sup [ 492 (pys sk B)

7(b)—1 n

<[” docd/fmsm (8| [~ dadp 11181 11 IR

J=n(by)

where S; and §] have been redefined accordingly:

1 ~ 1
S‘:= . o S= ~ ~ ~ .
! .B_e(Pj)_(‘Qj_Qo)+”7 ! ﬁ_e(ﬁj)_(gj_gn(b,c)—l)_l”
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Notice that we pulled out the factor e % and e”®)-1 in the analogue of
(A.2). In this way, S; depends on p,,..., 2 and S depends on p,..., Prpy_1-

All factors w1th tilde except R, and § wa_1> M=1,2,.. Kk, are
estimated trivially, and we can ensure the decaying <oc> <ﬂ> -2 terms by
inserting approriate factors at the expense of {p,) and <{k;) powers as
before. We get

C n L*(k;) 0(k,—k, ) dk; dk;
i a (| < tFA(CAYN su <| | J J n(j) i ]>
| o ( )I ( ) P f j=1 <kj>4

depn<pn>2d+12 Ae(Pn’ Pn)

Jw dodp d& d/)’
<°C></3> <Pa1—2>d+1 <Pb —1>d+1 <Pa,¢—1> <Pb >2

x<bﬁl |s,-|><n R)IRTT B

ji=0

and we will again use the variables p,, p;,..., p,_, instead of k,,..., k,,.

We first estimate the factors L*(p, _, —p,,—1) and L*(p, _, —p, ) by a
constant. Then the integrations of p, _,,..., p, 11 can be done successwely
in this order; no S factor depends on these and we collect a (C log*?)
factor from ehmmatmg each S;. We then perform dp, _,, dp, integrations,
very similarly to (A.6):

I L (pax—Z pa,c—l) L*(pa,c—l _pa,c) dpa,c—l dpa,c
{Pag-10* |B=e(Pa, 1) +in £ O(Po i1 = Pa,) £ O(Pa, — Pay—1) = Luy 11

1
X .
|ﬂ_e(pa,c)+”7ia)(pa,c+l_pa,c)_Qakl
* 3
— _ 1 _ < (Clog™?)
|a_e(pn(a,() +Pa,c—1_Pa,€)+”7iw(Pa,€ _pa,c—l)_Qn(b,c)—ll <ﬂ_gak+1>
(A.10)

Again, we used that p, , does not depend on the momenta integrated out
so far. We perform p, _,, p,._3---» Do, »++> Pa,_,+1 SUCCESSiVely; no remain-
ing S factors depend on them. We then perform Pay_,> Pa,_, - €Xactly as in
(A. 10) etc. Once we are done with p, , p, _,, there are no S factors left,
and the rest can be integrated out successively: py, py,..., p,_1- The dp, _»
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integration uses the <dp,,1_2>“"‘1 decay since there is no L* factor left. We
also gain a ()~ factor from this integration similarly to (A.9). The decay
(-, 1> " is changed to (B)~' using the extra decaying factors
similarly to (6.13). This ensures the finiteness of the f integration. From
the p, integration we gain an extra {a) ~! because of the inserted ¢ Ds, 72,

Finally the o, &, p, integrations are done exactly as in (6.14), which
completes the proof of Proposition A.6. |

A.3. Estimate of the Nested Term for the Nonconstant w Case

In Section 9.1 we proved (9.9) for ¢>3 and for a=2 with
w = (const.). Here we outline the argument for the remaining case when
w # (const.), a = 2. Only the proof of Lemma 9.3 needs to be modified, the
rest of the argument from Section 9.1 is unchanged.

Proof of Lemma 9.3 for w # (const.). The proof is an extension of
the argument in Section 3.4 of ref. 1 and we only indicate the main steps.
We write

A=imt! j M(k) f * sme et DY (a—a(k), p+k)]"dsdk  (A.11)
0

where we omitted o, and we let m =m,, p = p,, and Q, = 0 for simplicity.
By a partition of unity we divide the space into cubes Q of size §. Corre-
spondingly, we can replace M (k) in (A.11) by M, (k) that is supported on
a cube Q and M =3, M,. We can assume that M, is as smooth as M.
Moreover, [|M,]|,, < C<dist(0, 0)>~* and similar estimates are valid for its
derivatives, since M, inherits the size of M on Q. We denote the corre-
sponding expression by 4,,

AQ = AQ(“, D)

i j My (k) f: §"e" =2 O+[Y (o —oo(k), p+Kk)]” ds dk

and we neglect the p variable which we consider fixed.

After a diffeomorphic change of the k variable we arrive at one of the
following normal forms depending on whether Q contains a critical point
or not:

Ay = j Ey(8, k) f:o "MK+ 4 (A.12)
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or
A= [ Eg@ k) [ smei@kri ds dk
0

where u = u,, is a constant unit vector, & = d, € R, and we defined

Eo(@, k) :=i"" "M o((k)[Y (&~ @ (k)), y(k)+p)]1" J (k)

Here the function i/ expresses the change of variable, J is the correspond-
ing Jacobian. These are as smooth functions as @ and w and they depend
on Q and p with uniform bounds.

We will discuss the more complicated first case, the other case is
similar. We rewrite the dk integration as follows

f eV Ey(&, k) dk = (2m) /2 j " g < f | Ey@& k) da(k)) 9/2-1 49
0 k°=9

where da(k) is the normalized surface measure on the sphere {k: k> =9}.
Let

0 L
. _iQ-d/2+1 dj2—1 ~
Hy(a, k) := —i9 25 <9 LZ:SEQ(OL, ) da(k))‘

$:=k
— (% k—2f E, (&, k) do(k)
2 Bor 2V
;0 j E, (8, k) do(F) (A.13)
—1l — o .
29 \Jp_y "L WERE) )
Using integration by parts
J e NEy (&, k) dk = 57! j e " Hy(& k) dk

hence after undoing the ds integration in (A.12),

¢ Hy(@, k) dk

A, =i
o= ) G=k2+in)"

We show that

|Ho(&, k)| < Co(nn™' 2+ 1K) (A.14)
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H, consists of two terms (A.13), the first one is easy since Ey(&, k) is uni-
formly bounded from (4.8). For the second term, we use the bound on the
derivative of Y,(a, p) in p and « (4.9). All the other factors in E, have
derivatives bounded by a constant.

Since k — H,(&, k) is compactly supported, (A.14) gives an estimate of
order Cyt™'/* for A, (with n:=1¢""), where the constant C, depends on
the cube Q and it behaves as C, < C{dist(0, Q)) . In particular, these
estimates are summable over all the cubes Q of the partition of unity. This
will complete the proof of Lemma 9.3. ||

APPENDIX B: PROOFS OF THE COMBINATORIAL LEMMAS

Proof of Lemma 7.2. 'We consider a pairing =z € IT, that has exactly
K peaks at the locations a, a,,..., ag. Such pairing has K—1, K or K+1
valleys at by, b,,..., by such that

by<a, <b <ay< - <by_;<ag<by

where b, and by might not be present.

The number of possible peak-and-valley configurations, including their
heights is at most n***?, since one only has to prescribe the values a;, n(a;)
and b;, n(b;).

Once the peak-and-valleys are fixed, we consider the set

S={1,2,.., n}\U (n(a;) U n(b;))

We define the following sequences:

D; :=(n(a;+1), n(a; +2),..., n(b; — 1))
U, :=(n(b;+1), n(b; +2),..., m(a;,, — 1))

for j=0,1,..,K and ay,=0, ax,, =n+1 for definiteness. Clearly S =
U;(U;u D;) is a partition; and U; (D;) is a monotonically increasing
(decreasing) subsequence. This partition consists of at most 2K +2 non-
empty sets, we label them with distinct labels. For any permutation 7 with
fixed peak-and-valleys, we assign to every element in S the label of its set in
the partition. This can be done by at most (2K+2)" < (2K+2)" ways.
Notice that once the peak-and-valleys and this assigment are fixed, the
permutation is uniquely determined, since the exact order within U; and D;
are determined by the monotonicity. Hence the number of such permuta-
tions is not more than n****(2K +2)". If we consider pairings with at most
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K peaks, then we have to add these numbers up for K =1, 2,..., which
gives a total number at most n* 32K +2)" ||

Proof of Lemma A.5. Let f(a, ) be the smallest number such that
any permutation with at least f(a, f) peaks has either an increasing
(a+ 1)-staircase or a decreasing (f + 1)-staircase. We show the recursion

Sl p+D) < fla=1, f+ D)+ f(e B) (B.1)

and the relations

flo, D) =a+1, [, pH=p+1 B.2)

From these recursive relations we easily obtain the estimate f(«, f) < (*17).
We first notice the following fact:

Observation. If we have an increasing k-staircase with tips at a, <
a, < --- <a,, and if there is a peak a > a, which is higher than the highest
tip, i.e., n(a,) <n(a), then we also have an increasing (x+ 1)-staircase.
Similarly, if we have a decreasing x-staircase with tips at ¢, > a, > -+ > a,,
and if there is a peak a<a, which is higher than highest tip, i.e.,
n(a,) < n(a), then we also have an decreasing (x + 1)-staircase.

For the proof of this observation in the increasing case, suppose that
we have a peak a>a, with n(a,) <n(a). Then, we simply choose the
smallest number b > a,, such that b is a peak and n(d) > n(a,). Let b be the
tip of the (x+ 1)th up-stair and let a, < c < b be the biggest number such
that n(c) < n(a,). Such number exists, since any valley between a, and b
must lie below 7(a,), otherwise there would also be a peak somewhere
strictly between a, and b higher than n(a, ) which contradicts to the choice
of b. Now we simply choose ¢ to be the bottom of the (x+ 1)th up-stair.
The proof of the decreasing statement is similar.

Now f(a,1)=a+1 is proven as follows. Suppose that there are two
peaks in decreasing position; a; < a, and 7n(a,) > n(a,), then it gives rise to
a decreasing 2-staircase by the observation above. Hence if we have a+1
peaks, and there is no decreasing 2-staircase, then the peaks must be
monotonically increasing, which gives rise to an increasing (a+ 1)-staircase
inductively applying the observation above. The relation f(1, f)=f+1is
analogous.

The proof of (B.1) is done by induction on a+ . Consider a permuta-
tion that has at least f(a, f+ 1) peaks. We have to show that it either has
an increasing («+ 1)-staircase or a decreasing (f +2)-staircase.

The permutation up to the first f(a—1, f+1) peaks either has a
decreasing (ff +2)-staircase or it has an increasing a-staircase. In the latter
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case let ¢, <a, < --- <a, be the location of the tips. Now we look at the
next f(a, f) peaks. If they have an increasing (a4 1)-staircase (within
themselves), we are done, so can assume that it has a decreasing
(B+1)-staircase, let by <b, < --- <by,; be the locations of the tips and
certainly a, < b,.

Now if n(a,) <m(b;), then we found a new peak after and above
n(a,), hence by the observation on increasing peaks there is an increasing
(oe+ 1)-staircase.

If n(a,) > n(b,), then we found a higher peak before n(b,), hence by
the observation on the decreasing peaks, there is a decreasing (f+2)-
staircase. This shows that if the permutation has at least f(a—1, f+1)
+ f(a, B) peaks, then it either has a (f+ 2)-staircase or it has an increasing
a-chain. ||
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